QUANTUM (sl n ,AV n ) LINK INVARIANT AND MATRIX FACTORIZATIONS 
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Abstract. M. Khovanov and L. Rozansky gave a catcgorification of the HOMFLY-PT polynomial. This study 
is a generalization of the Khovanov-Rozansky homology. We define a homology associated to the quantum 
(sl n , AV n ) link invariant, where AV n is the set of the fundamental representations of the quantum group of sin- 
In the case of an oriented link diagram with [1, fc]-colorings and [fc, l]-colorings, we prove that its homology has 
invariance under colored Reidemeister moves composed of [1, fc]-crossings and [k, l]-crossings. In the case of an 
[i, j'J-colored oriented link diagram, we define a normalized Poincarc polynomial of its homology and prove the 
polynomial is a link invariant. 
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1. Introduction 

M. Khovanov constructed a homological link invariant whose Euler characteristic is the Jones polynomial via 
a category of complexes of Z-graded modules [7]. In general, constructing a homological link invariant whose 
Euler characteristic is a link invariant by using objects of a category is called a categorification of the link 
invariant. 

We understand the Jones polynomial to be the simplest quantum link invariant, which is obtained from the 
quantum group [/^(s^) at a generic q and its vector representation V2. N. Reshetikhin and V. Turaev generally 
constructed a link invariant associated with the quantum group where 3 is a simple Lie algebra, and its 

representations, called the quantum q link invariant or the Reshetikhin- Turaev g link invariant [17j . 

For a given oriented link diagram D, we obtain the quantum g link invariant by the following procedures. We 
fix a simple Lie algebra q and assign one of the irreducible representations V\ of the quantum group U q (o) to 
each component of the link diagram D, where V\ is the highest weight representation corresponding to a highest 
weight A. It does not matter that each assigned representation of components is different. On a component 
of an oriented link diagram the marking A often represents assigning V\ to the component. The marking A is 
called a coloring. The horizontal line sweeps across the link diagram from the bottom to the top. Then, wc slice 
the link diagram every time a state of intersections of the horizontal line and the diagram changes, see Figure 
[TJ A partial sliced diagram in an interval between horizontal lines is called a tangle diagram. A tangle diagram 
in an interval between neighboring horizontal lines can be considered as an intertwiner of two representations of 
U q (o) since a representation associated to the link diagram exists on each intersection of the link diagram and 
a horizontal line. Taking the composition of the intertwiners in all intervals, we obtain a Laurent polynomial of 
the variable q. If we choose a suitable intertwiner for each tangle diagram, then the Laurent polynomial has the 
same evaluation for oriented diagrams transforming to each other under the Reidemeister moves. The quantum 
q link invariant is such an obtained Laurent polynomial. When we consider particular representations Vi,...,Vk 
of U q (o) only, the quantum q link invariant is called the quantum (g,V) link invariant, where V = {Vi, Vfc}. 

Vtrivial 

A2 




Vx 2 ® 

V* x ® V Xl ® V\ 2 ® v* 2 
V* x ® V Xl ® V\ 2 ® v* 2 



Vt r i v i a l 

Figure 1. Sliced link diagram 

We consider the following natural question. 
Problem 1.1. 

Can we construct a homological link invariant whose Euler characteristic is a given quantum link invariant? 

1.1. Khovanov- Rozansky homology. The HOMFLY-PT polynomial is the quantum (sl n ,V n ) link invariant, 
where V n is the vector representation of U q (sl n )- In fact, M. Khovanov and L. Rozansky constructed a homo- 
logical link invariant whose Euler characteristic is the HOMFLY-PT polynomial via a category of complexes of 
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Z-graded matrix factorizations, denoted by /C & (HMF 9r ); see Section [2. Ill 

H. Murakami, T. Ohtsuki and S. Yamada gave the state model of the HOMFLY-PT polynomial by using 
trivalent planar diagrams, see Appendix [S] in the case that coloring has 1 and 2 only and see [H]. For a given 
oriented link diagram D, the HOMFLY-PT polynomial of the diagram D can be calculated combinatorially 
only by the state model. It is calculated by transforming to each single crossing into planar diagrams Tq and 
Ti in Figure [2] (in the case of Hopf link, see Figure[5]), then evaluating the obtained closed planar diagrams as 
a Laurent polynomial using relations in Figure 0] and summing the Laurent polynomials by the reduction in 
Figure [21 

)( X 

r r x 

Figure 2. Planar diagrams 

oo.-^oo-co. 

(X) =<'-"()() -(X) 

Figure 3. Reductions for single crossings 




Figure 4. Relation of planar diagrams 



For a Z-graded polynomial ring R with finite variables and a homogeneous Z-graded polynomial to called a 
potential, we obtain Z-graded matrix factorizations with the potential lu. The matrix factorization (factoriza- 
tion for short ) M is a two-periodic chain composed of Z-graded R- modules Mo, Mi and R- module morphisms 
do, d\ satisfying that dido = wIdM and dodi = wldjvfu 

M * A h ^ M . 

For two factorizations M with a potential u> and N a potential lu', a tensor product M M N is defined; see 
Section [2~8l Its potential is u> + <J . 

Khovanov and Rozansky defined a complex of matrix factorization for an oriented link diagram as follows. 
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Figure 5. Planar diagrams derived from Hopf link diagram 

First, we define a polynomial called a potential for a planar diagram. We assign a different index i to each 
end of the diagram, moreover, place the polynomial x" +1 on the i-assigned end if the orientation of the edge 



is the direction from the diagram to the end, place 



r.n+1 



if the orientation is the opposite direction and sum 



these polynomials. Remark that n is associated to the quantum (s[„, V n ) link invariant. For example, we assign 
indexes 1, 2, 3, 4 to r and Ti as Figure [SI Then, the potential for r and Ti is x" 



n+l 



® x 



Figure 6. To and Ti assigned indexes 
For the diagrams Tq and Ti, we define matrix factorizations C(To) n and C(Ti) n with the potential of the 



n+l 



-n+l _ 
x 3 x 4 



planar diagrams x" 

We consider a general planar diagram formed by gluing some planar diagrams Tq and Ti at ends of edges with 
preserving an orientation. A matrix factorization for such a planar diagram is defined by taking a tensor product 
of factorizations for the diagrams Tq, Ti and making two indexes on the glued ends the same. In particular, for a 
closed planar diagrams T, the potential of its matrix factorization C(T) n is 0. Therefore, C(T) n is a two-periodic 
complex of Q- vector spaces. For example, Tio in Figure [5] has a decomposition shown as Figure [71 Then, we 
have a matrix factorization C(rio) n as follows, 

c(r i)„ = c(r 01a )„ ® c(r 01b ) n b c(r 01c )„. 





Toi 



Figure 7. Decomposition of planar diagram Tio 
In the homotopy category of matrix factorizations HMF 9r , we show that there exist isomorphisms between 
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matrix factorizations corresponding to relations of planar diagrams in Figure [4] 

Using the matrix factorizations, the state model of single crossing in Figure [3] is represented as an object of 
£*>(HMF sr ): 




■o — -e- 1 ) 



— c °00„— ci (Xl— °— )■ 



For an oriented link diagram D, we define a complex C(D) n by exchanging every single crossing into the above 
complexes of matrix factorizations and taking a tensor product of the complexes for all single crossings. The 
complex C{D) n is a complex of two-periodic complexes of Q- vector spaces since the matrix factorization for a 
closed planar diagram is a two-periodic complex of Q- vector spaces. 
For the Hopf link in Figure we obtain the complex 







1 



c(rio) n 



(IdK x _,- X -KlId) 



00 M 



c(r 



c(r u )„ 



Oljn 



M. Khovanov and L. Rozansky introduced such a Z©Z©Z2-graded complex C(D) for an oriented link diagram 
D, where these gradings consist of the complex grading, the Z-grading induced by a Z-graded factorization, 
and the two-periodic grading of a factorization. Then, they proved that the Z © Z © Z 2 -graded homology of the 
complex C(D) is a link invariant. That is, they showed that if link diagrams D and D' transform to each other 
under the Reidcmeistcr moves, then these Z © Z © Z2-graded homologies are isomorphic. This homology for D 
is called the Khovanov-Rozansky homology. 

1.2. Result of the present paper I: Matrix factorizations and colored planar diagrams. Khovanov 
and Rozansky gave the homological link invariant whose Eulcr characteristic is the HOMFLY-PT polynomial by 
using a matrix factorization. However, there still exist a lot of quantum link invariants which are not yet categori- 
fied. Let AV n be the set of the fundamental representations of U q (sl n ), that is, AV„ = {V n ,A 2 V n , /\ n ~ 1 V n }. 
This paper concerns the quantum (sl ra , AV n ) link invariant which has not previously been categorified. In the 
paper [T5], H. Murakami, T. Ohtsuki and S. Yamada gave the state model of the quantum (sl„, AV n ) link 
invariant by using planar diagrams with colorings from 1 to n, sec Appendix [Bj A coloring m (1 < m < n) on 
an edge represents assigning A m V n to the edge. A n V n is the trivial representation of U q (sl n )- This state model 
is often called the MOY bracket. This is a generalization of the state model of the HOMFLY-PT polynomial. 
If we consider a single crossing with coloring 1 and a planar diagram with colorings 1 and 2 only, the MOY 
bracket is equal to the state model of the HOMFLY-PT polynomial; see Figures and 2] An edge with coloring 
1 corresponds to a single edge in the state model of the HOMFLY-PT polynomial and an edge with coloring 2 
corresponds to a double edge. 

It is a natural problem to construct a homological link invariant whose Euler characteristic is the quantum 
(sin, AV n ) link invariant generalizing the Khovanov-Rozansky homology. The purpose of this study is to con- 
struct such a homological link invariant by using matrix factorizations. Unfortunately, we do not define the 
homological link invariant whose Euler characteristic is the quantum (sin, AV n ) link invariant in the present 
paper. However, we define a new polynomial link invariant which is the same with Poincare polynomial of the 
homological link invariant, see Section [T751 Section O and Section [B] 

The calculation of the MOY bracket is similar to the calculation of the state model of the HOMFLY-PT 
polynomial. For a colored oriented link diagram D, the quantum (sl n , AV n ) link invariant of D is obtained by 
transforming each [i, j]-colored single crossing, called [i, j]-crossing for short, into a linear combination of colored 
planar diagrams in Figure [8l and evaluating these closed colored planar diagrams as a Laurent polynomial by 
using relations in Figure [9] and then summing these Laurent polynomials. Sec Appendix [B"l 

An [i, j]-crossing is expanded into complicated planar diagrams as shown in FigureO However, these colored 
planar diagrams locally consist of the colored oriented lines and the colored oriented trivalent diagrams Tl, Ta 
and Ty shown in Figure [TUl which we call essential. We consider a colored closed planar diagram T obtained 
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= £(-d- 



■k+j-i qk+in-i 2 + {i-]) 2 +2(i—j) 



fe=0 



i-j+k 



j — k i+k 




_ y2^_i^k+j-i q -k-jn+f-U-i) 2 -2(j-i) 



fe=0 



i+j+k , 



j+k i—k 



FIGURE 8. Reduction for [i, j]-crossing of MOY bracket 



O' 



12+1 




for i > j 



for i < j 



Figure 9. Relations of colored planar diagrams 

by expanding a colored oriented link diagram D with the reductions in Figure [8] Therefore, we find that the 
diagram V also consists of some essential planar diagrams. 





r L r A i> 

(1 < m < n, 1 < mi, ni2 < n — 1, 7713 = mi + < n) 
Figure 10. Essential planar diagrams 



A matrix factorization for a colored closed planar diagram T is defined by gluing factorizations for essen- 
tial diagrams. First, we define matrix factorizations for essential planar diagrams. The polynomial F m is the 
expression of the power sum X)fcLi^fc +1 ; where n is derived from sl„, in the elementary symmetric functions 
x i = Ei<k 1 <...<k l < m t k 1 ---t kl (l</< m): 

We assign different formal indexes to ends of the colored planar diagram. We consider an i-assigned end 
of an m-colored edge with the orientation from the inside diagram to the outside end. On the end we place 
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the function F m (xi^, ...,x m ^) with i-assigned variables Xjj (J = 1, ...,m). We consider an i-assigned end of an 
m-colored edge with the opposite orientation. On the end we place the function —F m (xi,i, x m ,i)- We denote 
the sequence (o^i, Xi <m ) by xl™- 1 and the function F m (xi t i, ...,Xi tm ) by F m (X^) for short. The potential 
for a colored planar diagram is the sum of assigned polynomials of all ends. 

For instance, to an essential planar diagram we assign polynomials as shown in Figure [TT1 Therefore, poten- 
tials for the essential planar diagrams Tl, Ta and Ty are F m (x|™^) — F m (X&^), — F mi (X^q ) — F m2 (xfc 2 ^) + 
F m3 (X[™ 3) ) and F mi (xj™ 1 ') + F m2 (xj™ a) ) - F m3 (X|" i3) ), respectively. 




Figure 1 1 . Assigned polynomials for essential planar diagrams 



For diagrams Tl, T\ and Ty, we define matrix factorizations C{TL)m C(T\) n and C(Ty) n with potentials 
of the essential diagrams in Section [4.21 For a general colored planar diagrams T, we consider a decomposition 
of r in essential planar diagrams. A matrix factorization for the diagram T is defined by the tensor product 
of factorizations for the essential diagrams of the decomposition. In the homotopy category of factorizations 
HMF 9r , we find that there exist isomorphisms corresponding to relations of colored planar diagrams in Figure 
H see Section O] and gH 



For the diagram r£ in Figure [HI we can define a matrix factorization C(r£) using factorizations for essential 
diagrams. We decompose into essential planar diagrams using markings, assign different indexes to the 
markings and end points; see middle in Figure fl~3l and then place the polynomial ±.F m (X^? ) on the marking 
and end points; see the right-hand side of Figure [T51 The factorization C(r£) is defined to be the tensor product 
of factorizations for all essential diagrams in the decomposition of T^. For the diagram , the factorization 
C(r^) can be also defined by decomposing into essential diagrams and taking the tensor product of factor- 
izations for all essential diagrams in the decomposition. 



-j+k 



j — k i+fe 



-i+j+k , 



j+k i—k 



Figure 12. Resolved planar diagrams for [i, j]-crossing 
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-i+j+k 






J+k 


i — k 


1* — 
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J 


i 



7+7 



-i+j+k 
-j+k i — k- 

k 

* 1 




i — k 



Figure 13. Decomposition of and assignment of polynomial 



1.3. Result of the present paper II: Complex of matrix factorizations and [i, j]-crossing. First, we 
consider a complex of factorizations for an oriented link diagram with only [1, k] -crossings and [k, l]-crossings, 
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In the case of a [k, l]-crossing, the state model of the quantum (sin, hV n ) link invariant takes the following forms 




Figure 14. Colored planar diagrams in reduction of [k, l]-crossing 



For [1, fc]-crossings / \ and / \ , these brackets have a similar form, see Appendix IBl In Section [5l 
we define Z-grading-preserving morphisms between the factorizations C(r[ fe ' 1 ')„ and C(T^ ) n for diagrams in 
Figure [TU 




Using these morphisms, a complex for a single [ft, l]-crossing is defined as an object of /C 6 (HMF 9r ), 




We remark that this construction is a generalization of a complex for a [1, 2] -crossing given by Rozansky [15] . 

To an oriented link diagram D with [1, fc]-crossings and [k, l]-crossings, we define a complex of matrix fac- 
torizations to be decomposing D into single [1, k] -crossings and [k, l]-crossings and taking the tensor product 
of complexes for all single [1, fc]-crossings and [k, l]-crossings in the decomposition. The obtained complex is 
a complex of matrix factorizations with potential zero. Then, the complex for the diagram D gives rise to a 
Z © Z © Z2 -graded homology. 

If two oriented link diagrams with [1, fc]-crossings and [k, l]-crossings transform to each other under col- 
ored Reidemcister moves which arc composed of [1, k] -crossings and [k, l]-crossings only, then the associated 
Z © Z © Z2-graded homologies are isomorphic. More precisely, for tangle diagrams with [1, fc]-crossings and 
[k, l]-crossings transforming to each other under colored Reidemeister moves composed of [1, fc]-crossings and 
[k, l]-crossings, those complexes of matrix factorizations are isomorphic in ^(HMF^). 



Theorem 1.2 (Theorem 15.61 in Section l5~3l (In the case k = 1, Khovanov- Rozansky [§])). We consider tangle 
diagrams with [1, k]-crossings and [k, l]-crossings transforming to each other under colored Reidemeister moves 
composed of [!,&]- crossings and [k,l]-crossings. Complexes of factorizations for these tangle diagrams are 
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For a colored oriented link diagram D with [1, /c]-crossings and [k, l]-crossings, we can explicitly calculate the 
complex C (D) n and the Z © Z © Z2-graded link homology W' J ' (D), We evaluate the Poincare polynomial of 
the homology W^' k {D[iopf) for an oriented Hopf link diagram Dnopf with a [1, fc]-crossing and a [k, l]-crossing 
in Section [Ql 

In the case of general [i, j]-crossings, it is difficult both to define boundary maps of a complex of matrix 
factorization for the [i, j]-crossing explicitly and to show that there are isomorphisms between complexes for the 
colored tangle diagrams that transform to each other under colored Reidemeister moves in K, b (HMF 9r ). Instead 
of this construction of the homological link invariant, we introduce an approximate [i, j']-crossing and define a 
complex for the approximate crossing in Figure [T5l The wide edge of the approximate [i, j]-crossing represents 
a bundle of one-colored edges, see Figure [TBI We arrange an [i, j']-crossing in the orientation from bottom to up 
and change a colored edge from the left-bottom to the right-top into a wide edge at an over crossing or an under 
crossing. Therefore, we can define a complex for the approximate crossing using the definition of the complex 
for an [i, l]-crossing since every crossing of the approximate crossing is an [i, l]-crossing. 

We consider the homology of this complex. The homology is not a link invariant. However, we can obtain 
a link invariant as a normalized Poincare polynomial of the homology. The polynomial link invariant is a 
polynomial in Q[t ±1 ,q ±1 ,s]/(s 2 — 1) and the quantum (sl n ,AV n ) link invariant by specializing t to —1 and s 
to 1. 





Figure 15. Approximate diagram of [i, j]-crossing 




Figure 16. Wide edge and bundle of one-colored edges 



We consider approximate tangle diagrams transforming to each other under the Reidemeister moves composed 
of the approximate crossings. We find the following isomorphisms in £ b (HMF 9r ) as follows: 



1(1 
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Theorem 1.3 (Theorem 16.61 in Section 16.2(1 . For approximate tangle diagrams transforming to each other 
under the Reidemeister moves composed of the approximate crossings, complexes of matrix factorizations for 
these approximate tangle diagrams are isomorphic in K, b (HMF 9r ): 




We have not got produced isomorphisms between complexes for colored tangle diagrams transforming to each 
other under colored Reidemeister moves, but we hope to return to this question in a future paper. However, for 
a colored oriented link diagram D, we consider a Z © Z © Z 2 -graded homology H l, i' k (D) through the complex 
for the approximate diagram of D. Then, we define a polynomial P(D) to be the Poincare polynomial of the 
homology H h3 - k (D) 

P(D) := J^tW^dimqW'^iD) e Q[t ±1 ,q ±1 ,s]/(s 2 - 1). 

A polynomial link invariant can be obtained by normalizing the Poincare polynomial P(D) as follows. For a 
colored oriented link diagram D, we define a function Crfc (k = 1, n — 1) to be 

Cik(D) := the number of [*, fc]-crossing of D. 

We then define the normalized Poincare polynomial P(D) to be 

n— 1 

P{D) := P{D) TT ^jrr. 

By the construction and Theorem ll.31 we find that P(D) is a link invariant. 

Theorem 1.4 (Corollary 16.81 in Section [6 .2(1 . Two colored oriented link diagrams D and D' that transform to 
each other under colored Reidemeister moves have the same normalized Poincare polynomial, 

P{D) = P(D'). 

That is, we have the following equations for evaluations of colored oriented link diagrams: 




The outsides of colored tangle diagrams in each equation have the same picture. 

The polynomial P{D) is a refined link invariant of the quantum (sl n ,AV n ) link invariant since P(D) is the 
quantum (s[„, AV n ) link invariant by specializing t to — 1 and s to 1. 

1.4. Organization of paper. The present paper consists of seven sections and two appendixes. In Section 
[21 we recall definition of a matrix factorization, basic properties and theorems in a category of factorizations 
MF 9r and its homotopy category HMF 91 *. For propositions given by the author, proofs are described and, for 
other important propositions, reference are given. Then, we define the complex category Kom(HMF 9r ) and its 
homotopy category JC b (HMF 9r ) in Section f2 . 1 1 1 and 12.121 The homology for a colored oriented link diagram 
is evaluated as an object of JC b (HMF 9r ). In Section [3l symmetric functions and its generating function are 
introduced. The symmetric functions are used for defining a matrix factorization for a colored planar diagram. 
Section [31 [5] and [6] are the main part of this paper and include the author's original results. In Section [U we 
define factorizations for essential planar diagrams using the symmetric functions. Then, we show that there exist 
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isomorphisms in HMF 9r corresponding to most MOY relations. In Section [5j we define complexes of factoriza- 
tions for [1, fc]-crossing and [k, l]-crossing in Ob(AC b (HMF £,r )) and, for tangle diagrams with [k, l]-crossings and 
[k, l]-crossings transforming to each other under colored Reidemeister moves composed of [k, l]-crossings and 
[k, l]-crossings, we show isomorphisms in AC b (HMF sr ) between matrix factorizations of these tangle diagrams. 
For the Hopf link with [1, fc]-crossing and [k, l]-crossing, the Poincarc polynomial of the homological invariant 
is shown in Scction [5.61 In Section [6l we introduce a wide edge and an approximate [i, j] -crossing with the wide 
edges. Then, we define a matrix factorization for the approximate [i, j] -crossing with the wide edges using a 
complex for [1, fc]-crossing and show isomorphisms between complexes for approximate tangle diagrams trans- 
forming to each other under Reidemeister moves of approximate crossings. For a colored oriented link diagram 
D, we construct a polynomial link invariant P(D) as a normalized Poincare polynomial of the homology of a 
complex for an approximate link diagram associated to the diagram D. In Section [Jj we give proofs of some 
properties and theorems which are skipped in order to understand this study. In Appendix E] we remark that 
a generalization of this study to virtual link theory introduced by Kauffman. In Appendix [B] we recall the 
quantum (sl n ,/\V n ) link invariant by a normalizing MOY brackeio given by H. Murakami, T. Ohtsuki and S. 
Yamada. Then, we show that the normalized MOY bracket satisfies invariance under colored Reidemeister move 
I. 
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2. Z-GRADED MATRIX FACTORIZATION 

In this section, we recall definitions, properties and theorems given by [8] [9] [10] [15] [18] [19] [20] . Many essential 
facts are given by Mikhail Khovanov and Lev Rozansky [8]. 

2.1. Z-graded module. Let R = Q[cci, x r ] be a polynomial ring such that the degree deg(xi) £ Z is a 
positive integer given for each i = 1, r. Then, R has a Z-grading decomposition Q)iR l such that R l R^ C R l+ ^ 
and R° = Q. A maximal ideal generated by homogeneous polynomials is unique, denoted the maximal ideal by 
m. We consider a free Z-graded i?-module M with a Z-grading decomposition ©,M ! such that R?M % C M %+ i 
for any i G Z. Remark we allow a Z-graded i?-modulc to be infinite-rank. 

A Z-grading shift {m} (m £ Z) is an operator up Z-grading m on an i?-module. That is, for a Z-graded 
R- module M with a Z-grading decomposition Q t M l , we have an equality as a Q- vector space 

{M{m}Y = Ap- m . 

For a Laurent polynomial f(q) = a i1 l £ ^>o[?, we define M {f{q)}q to be 

M{f(q)} q :=®(M{i}f ai . 

i 

For R- modules M and N, the set of Z-grading preserving morphisms from M to N is denoted by Honifl(M, N). 
When N = M we denote it by Endfi(M). We find that a Z-grading preserving morphism of HoniR(M{m}, N) 
is an i?-modulc morphism with Z-grading m from M to N. We often regard Hom^ (M{m}, N) as the set of 
i?-module morphisms with Z-grading m from M to N. We consider the set of all of i?-modulc morphisms from 
M to N denoted by ROM R (M, N), that is 

HOMr(M, N) := Rom R (M{m},N). 



MOY bracket is a regular link invariant. That is, it satisfies invariance under colored Reidemeister moves II and III only. 
However, we can generally obtain the link invariant by normalizing the regular invariant. 
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When N = M it is denoted by END fl (M). These sets HOM fl (M, N) and END i? (M) naturally have a Z- graded 
-R-module structure by 

r k : Hom fi (M{m}, TV) Hom R (M{m + k}, N) 



fm I fn 



where r k £ R has a Z- grading k. 



Proposition 2.1. If M and N are free R-modules of finite rank, then HOM^(Af, N) is a free R-module of 
finite rank. 

For a Z-graded i?-module M, we define M* to be HOM fl (M, R), 

M* := UOM R (M,R). 

The R- module M* is called dual of M. 

Corollary 2.2. If M is a free R-module of finite rank, M* is a free R-module of finite rank. 
Proposition 2.3. If M is a free R-module of finite rank, M** ~ M. 

Proposition 2.4. If M is a free R-module of finite rank, we have a Z-graded R-module isomorphism 

HOM fl (M, N)~N ® fl M*. 

2.2. Potential and Jacobian ring. For a homogeneous Z-graded polynomial uj £ R, we define a quotient 
ring R u to be R /I u , where I u is the ideal generated by partial derivatives (1 < k <r). The quotient ring 
Ru is called Jacobian ring of uj. A homogeneous element uj £ m is a potential of R if the Jacobian ring R u 
is finitely dimensional as a Q vector space. That is, the partial derivatives (1 < k < r) form a regular 
sequence in R. 

2.3. Z-graded matrix factorization. For a polynomial uj with an even homogeneous Z-grading, we consider 
the polynomial ring R generated by variables included in uj. Assume that a given polynomial a; is a potential 
of R. We allow uj to be zero and, in such a case, we consider Q as a polynomial ring. In this setting, we define 
a Z-graded matrix factorization as follows [20] . 

We suppose a 4-tuplc M = (M , Mi,dM )^Mi) is a two-periodic chain 

M V Mi * M , 

where Mq and Mi are Z-graded free i?- modules permitted to be infinite-rank and du '■ Mo — > Mi and 
c?Mi : Mi — > M are homogeneous Z-graded morphisms of i?-modules. When we fix i?-module bases of M and 
Mi, djvf and c?Mi can be represented as a matrix form. The matrix forms of du and <^Mi are denoted by the 
capital letter Dm and £>Mi ■ 

We say that a 4-tuple M is a matrix factorization with a potential uj £ m (factorization for short ), if 
the composition of g?m and c^a/i satisfies that c?Mi rfi;,, = u-> Hm , dM <^Mi = w Id m x and d/i/i , gJm 2 have the 
Z-grading ^degej. 



Definition 2.5. We define a category MF| r '° !1 of Z-graded matrix factorizations as follows. 

• An object in MF^T^" is a matrix factorization M = (Mo, Mi, dM , cfiVfi ) wiift £/ie potential uj, where Mo, 
Mi are R-modules and dM , dM 1 are R-module morphisms with the Z-grading ^deguj. 

• A morphism in MF^'® from M = (Mo, M\,dM Q ,dM 1 ) to N = (No, N%, dN , d^) is a pair f = (fo, fi) 
of Z-grading preserving morphisms of R-modules fo '■ M — > N and fi : Mi — > N\ to give a commutative 
diagram, that is, the morphism f = (/ , /i) satisfies djv /o = fidhu, an d diVi/i = /o^Mi, 



Mo 



M 1 



-M 

/o 



iVn 



IN 



N 



JV . 
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For any matrix factorizations M and N , we denote the set of Z,-grading preserving morphisms from M 
to A by Hoitlmf (M, A) . When A = IT we denote it by End M F(M). 
• The composition fg of morphisms f = (/o,/i) and~g = (go,9i) is defined by (/o<?Oj /i<?i)- 

A matrix factorization (Mo, Mi, do, d\) G MFf^ is finite if Mo and Mi are free i?-modules of finite rank. 
Let MF 9 ft'£ m be the full subcategory in MFfJ"'"" whose object is a finite factorizations. 

A morphism / = (/i,/a) : M — > TV in MFfp^ is null-homotopic if morphisms /io : Mo — > Ai and 
hi : Mi — ► Ao exist such that fo = h\dM + dpf 1 ho and f\ = hod Mr + d,N hi, 

M °-*- Mi U- M 









fo 


Jl 





7V — ^Ai— ^A . 

Two morphisms f,g:M—*N in MF^"'°" are homotopic : if / — ~g is null-homotopic. We often denote f ~g~ 
for short if / and ~g are homotopic. Two matrix factorizations M and A in MF 9 ^ 11 are homotopy equivalent 
if there exist morphisms / : M — ► A and g : N —> Al such that /g ^ Id-^- and <?/ ^ Id-p- . 

Definition 2.6. W^e define the homotopy category HMF^T'"" o/MF^ r '° I! as follows; 

• HMFf^" has the same objects of MF%£ 11 

• A morphism in HMF^ 7 '" H is a morphism in MF^'^ modulo null-homotopic. Denote the set ofl-grading 
preserving morphisms from M to A in HMFfT'^ by Hom.HMF(M, A), that is, 

HomHMF(M, A) = Hoitimf(M, A) /{null — homotopic} . 

When A = M we denote it by EndnMF(M). 

• The composition of morphisms is defined by the same way to MFf^ 

It is obvious that homotopy equivalent is isomorphic in HMF^T'^". Let HMF^ m be the full subcategory in 
HMF^f whose object is a finite factorizations in HMF^ r '° . 

A matrix factorization is contractible (or called trivial in [20]) if it is isomorphic in the homotopy category 
to the zero matrix factorization 

'(D K) K) 

Especially, (R, R{^degu>}, 1, (J) and (R, R{— ^degw}, u, 1) are contractible. In general, a contractible matrix 
factorization is a direct sum of the factorizations (R, i?{^degu;}, l,ui) and (R, R{ — ^degw}, cj, 1). A matrix 
factorization is essential (or called reduced in [20]) if it does not include any contractible matrix factorizations. 
For a matrix factorization M, we denote its essential summand by M es and its contractible summand by M c . 
We define a Z-grading shift {m} (m e Z) on M = (M , Mi, cZmo; ^mJ to be 

M{m} = (Mo{m},M 1 {m},d Ma ,d Ml )- 
For a Laurent polynomial /(g) = ^ aiq 1 G N>o[q, o _1 ], we define M{f(q)} q to be 

M{/(a)} g = 0(M«) ea \ 

i 

The translation functor (1) changes a matrix factorization M = (Mo, Mi, dM , <£mi) G Ob(MF^ r '° n ) into 

M (1) = (Mi, M , -d Ml , -dw ) G Ob(MFg£ H ). 
The functor (2) (= (l) 2 ) is the identity functor. In general, we denote (l) k by (k). 
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2.4. Cohomology of matrix factorization. Let m be a unique maximal ideal generated by homogeneous Z- 
graded polynomials of R. For a matrix factorization M = (M , Mi, do, d\) G Ob(MF^ r '^") (resp. Ob(HMF^ r 
we define a quotient M /mM to be a two-periodic complex of vector spaces over R /m ~ Q, 

M /mMo Mi /mMi — ^ M /mM . 

The compositions of do and d\ satisfy that dido = and dodi = since uj £ m. We denote the cohomology of the 
quotient complex M / mM by H(M) and call it the cohomology of matrix factorization. The cohomology of 
M is a Z® Z 2 -graded Q- vector space, denoted by H(M) = H° (M)®E 1 (M). A morphism / = (/ , /i) : M -» AT 
naturally induces a morphism from the cohomology H(M) to H(A), denoted by H(/) or (H(/o), H(/i)). 

Proposition 2.7. j4 null-homotopic morphism f = (/o,/i) : M — > iV induces the morphism /rom £/ie 
cohomology H(M) to H(A). 

Proposition 2.8. T/ie cohomology of a contractible matrix factorization is the zero. 
Definition 2.9. 

(1) We define a Z-graded dimension of a 1-graded Q-vector space V to be 

gdim(F) ^^gMirnqV*, 

where V 1 is the i-graded subspace ofV. 

(2) We define a Z 2 © Z-graded dimension o/ a matrix factorization M to be 

gdim (M) := gdimH°(M) + sgdimH^M), 

where the variable s satisfies s 2 = 1. 

Proposition 2.10 (Proposition 7 [8]). The following conditions on M = (Mo, Mi, do, di) € MF^'° !1 are 
equivalent. 

(1) M is isomorphic in MF^"'" to a direct sum of (R{mi}, R{m\ + idega;}, 1, u>) and (R{m2},R{m2 — 
|deg u>}, w, 1), where m\,mi € Z. 

(2) M is isomorphic in HMF|[^ to the zero factorization ( >■ )■ 

(3) H(M) = 0. 

Proposition 2.11 (Proposition 8 [5]). The following conditions of a morphism (/o,/i) : M are 

equivalent. 

(1) (/oj/i) *s an isomorphism in HMF^"'"". 

(2) (/o,/i) induces an isomorphism (H(/o),H(/i)) between the cohomologies H(M) and H(iV). 

Corollary 2.12 (Corollary 3[5]). For a matrix factorization M E Ob(MF^*'^ ), a decomposition of M into 
into an essential factorization and a contractible factorization M es © M c is unique up to isomorphism. 

Corollary 2.13 (Corollary 4 [8]). A matrix factorization M € Ob(MFf^ ) with finite- dimensional cohomology 
is a direct sum of an essential finite factorization and a contractible factorization. 

Let MF^ W be the full subcategory in MF|^ whose objects are matrix factorizations with finite-dimensional 
cohomology. Let HMF^T^ be the full subcategory of HMF^'^ whose object is a matrix factorizations with 
finite-dimensional cohomology. Since a contractible matrix factorization is homotopic to the zero factorization 
in the homotopy category, Corollary |2.13l implies the following corollary. 

Corollary 2.14 (Corollary 5[5]). The homotopy categories HMF|[^ m and HMF^T^ are categorical equivalent. 
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2.5. Morphism of matrix factorization. Let M and N be matrix factorizations with w G i?. The set of 

Z- grading preserving morphisms from M to AT in MF^'J" (— is filled with "all", "fin" or the empty) is denoted 

by HoniMF(Af, N) and the set of Z-grading preserving morphisms in HMF^'J" is denoted by HomHMF(M, N). 
The set of all morphisms between the factorizations in MF^T'J" is denoted by 

HOM MF (M,7V) := 0Hom MF (M{m},]V) 

mgZ 

and the set of all morphisms in HMFf^'J" is denoted by 

HOM H mf(M,]V) := Hom HM F (M{m},iV). 

When N = IT we denote these sets by End M F(M), End H MF(M), END M f(M) and END H mf(M). 
By definition, we have the following properties. 

Proposition 2.15. 

HOM MF (M{fc},lV) = HOM MF (M,lV){-fc}, ROM HMF (M{k},N) = HOM H mf(M, iV){-A;}, 
HOM MF (M,lV{fc}) = ROM MF (M,N){k}, ROM HMF (M,N{k}) = HOM HM f(M, iV){fc}. 

The set HOM MF (M, N) (resp. ENDmf(-M)) has an iJ-module structure. The action of R is defined by 
r (/oi/i) := ( r /oi r /i) ( r S R). We immediately find the following properties by propositions of i?-modules in 
Section O 

Proposition 2.16. If M and N are finite factorizations, HOMmf(M, N) is a free R-module of finite rank. 

Proposition 2.17 (Proposition 5 [8]). For matrix factorizations M and N in HMFf^ , the action of R on 
HOMhmf(-W, A') factors through the action of the Jacobi ring R u . 

Since the action d Xi u> (i = 1, r) is null-homotopic, we have the following proposition. 

Proposition 2.18 (Proposition 5 !.8j). The set HOM HM f(M, N) (resp. END H mf(M) ) has an R u -module 
structure. 

2.6. Duality of matrix factorization. For a matrix factorization M = (-Mo, M\, do, di) G Ob(MF^'^ ), we 
define a matrix factorization M * G Ob(MFf£°") to be (M *, Mf, -d{, dj), 

M = ( M * U m; — ^ M * ), 

where dg/i := /ido and d\f Q := f d\ (f G Mq, /i G M*). The factorization M* is called dual of M. The 
following propositions is obvious by Proposition ^. 161 and Proposition 12.31 

Proposition 2.19. If M is finite, M is also finite. 

Proposition 2.20. If Id is finite, M** ~ M. 

We find that the dual of factorization preserves contractible. 
Proposition 2.21. If M is contractible, M is also contractible. 

Thus, we have a proposition for a matrix factorization with finite-dimensional cohomology. 

Proposition 2.22. IfM is a factorization o/HMFf^, M** ~ ~M. 

The map from a factorization to the dual of the factorization can be viewed as a contravariant functor 
between categories of factorizations by the above propositions, 

?* : MF^J^MF^-, 

?* : HMFf^'J" ► HMFf£C w , 

where — is filled with "all" , "fin" or the empty. Especially, this functor is a categorical equivalence for MF^'J™, 
HMFfnf ™ and HMFg^. 

These category MFfT'J" and HMFf^'J" arc Krull-Schmidt categories, that is, any matrix factorization has the 
unique decomposition property. 
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2.7. Two-periodic complex of i?-module morphisms and extension. For matrix factorizations M = 
(Mo,M 1 ,d Mo ,d Ml ) in Ob(MF^'°") and TV = (N ,N 1: d No ,d Nl ) in Ob(MFf£°"), we define a factorization 
HOM fl (M,TV) of MFg$!_ u to be 

HOMr(Mo, TV ) \ ( HOMr(M ,TVi) \ / d No -d* Mo \ ( d Nl d* Mg 
HOMkCMlJVi) )'\ HOM h (Mi,JV ) J ' \ ~d* Ml d Nl J 1 \ d* Mi d No 

where d N , (i £ Z 2 ) is defined by, for £) m /m (/m 6 Hom R (M i {TO}, TV,){m}), 

d-N, ( /] /m) := ^ rfiVj /m 

m m 

and rfj^ (i e Z 2 ) is defined by, for J2 m 9m (g m G Hom R (Mi_i{ra}, TV,-){m}), 

rf M ; (X! 5m ) := X! 5m ■ 

m m 

Proposition 2.23. ; If M is a contractible matrix factorization, HOMr(N, M) and HOM r (M , N) are also 
contractible for any factorization TV. 

Then, the HOM R ( , ) is a bifunctor: 

HOM«( , ) : MF%? x MFg#' - MFg#-a, , 
HOM fl ( , ) : HMF^" x HMFg$' -> HMFg;^ . 

Remark 2.24. Denote the unit object by R— ( R >■ >■ R )■ For a matrix factorization M o/MF^ i! , 

we have 

ROM R (M,R) =M*. 

For matrix factorizations M and TV with the same potential, the HOM R (M, TV) is a two periodic complex. 
Moreover, HOM fl (M,TV) is useful for calculus of dim Q HOM M F (M, TV) and dimQHOMuMF (M, TV) . 

If M and TV are objects of MF 3 R r '® , HOMr(M, TV) is a two-periodic complex of Z-graded iJ-modules. There- 
fore, we can take the bigraded cohomology of HOM H (M,TV) denoted by EXT R (M,N) = EXT° R (M,N) © 
EXT R (M,N), where 

EXT^j (M, TV) = H° ( UOM R (17, TV) ) , 
EXT^(M,TV) = H 1 ( HOMh(M, TV) ) . 

We have the following isomorphisms as a Z-graded Q-vector space. 

HOMmf (M, TV) ~ Z°(HOM fl (M,TV)), HOM MF (M, TV (1)) ~ Z 1 (HOM^ (M, TV) ) , 

HOM H mf(M,TV) ~ EXT^(M,TV), HOM H mf(M, TV (1)) ~ EXT^M, TV), 

where Z l (HOM fl (M, TV) ) (i = 0, 1) is the cycle of the two-periodic complex ROM R (M, TV). 
Definition 2.25. For 17 and TV m MF^, we define 

d{q,s) :=gdimEXT fl (M,TV). 



1 / d x 



k\ \dq 



d(q,s) = dim Q Hom H MF(M{fc},TV) + sdimqRom HMF (M{k}{l),N). 

3=0 



2.8. Tensor product of matrix factorization. X = {xi, . . . ,x r } and Y = {yi,...,y s } are two sets of 
variables. W = {u>i, . . . ,Wt} is the common variables included in X and Y. We consider Z-graded rings 
generated by X = {x u . . .,x r }, Y = {y x , . . . , y s } and W = {wi, . . .,w t }, denoted by R = Q[X], R' = Q[Y] and 
5 = Q[W]. We always take a tensor product of R and i?' over the ring S generated by the common variables 
of R and R', 

R®R' = R®R' l{rs®r' -r®sr' \r G R,r' G R' , s G SI. 

5 
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of matrix factorizations M E N in MF 9 R ^ R l , by 



MEiV 



Even if the common variables of R and R' is non-empty, we simply denote R <g>R' by the description R(g> R' 
without notice. For an i?-modulc M and an i?'-module N, we also take these tensor products over the ring S 
generated by the set of the common variables of R and R', 

M ® N = M®N/{ms®n - m®sn I m G M, n€ N,s 6 S\. 
For M = (M , Mi, d Mo , d Ml ) in MF££" and 77 = (N , iV x , 

dN 1 ^iVi ) m MF^,'^, , we define a tensor product 

gr,all 

R0R' ,ui+u>' 

M ®N \ f Mi ®JV,,\ / d Ma -d Nl \ f d Ml d Nl 
Mi ® ATi y ' V M ® JVi )' \ d No d Ml J ' v -d No d Mo 
As a bifunctor, the tensor product can be viewed 

E : MF?£f x MF£$ — MF?^ W . 

This tensor product E has commutativity, additivity and associativity. Moreover, there exists the unit object 
for the tensor product. 

Proposition 2.26. (Commutativity) For M in MF R '® U and N in MF^,'^, ! , there exists an isomorphism in 

■\/[f?gr,all 

ivlr R®R',lu+u' 

17 El 77 ~ 77 El M. 
(Additivity) For M x , M 2 m MFg*'"" and 77 m MFj'" ', ^ 

ere exists an isomorphism in MF^^/ ^-j.^' 

(Mi © M 2 ) El 77 ~ Mi El 77 © M 2 El 77. 

(Associativity) For L in MF R '® , M in MF^'°'! and N in MFjf",, there exists an isomorphism between the 
factorizations in MF 9 R £ R ,^ RI , ^ +ujl+u ,, 

(L El M) E 77 ~ L El (M E 77). 

Proof. See Lemma 2.1, 2.2, 2.7[21]. 

□ 

Remark 2.27. As from here, ThMM^MM^M..MM^is defined by (. . . ((777 El TTT) El Ms) E . . .) E Th: 
ME772"EA?3E...E77fc = (... ((777 E Ml) E 77T) E . . .) E 74. 

Proposition 2.28. The matrix factorization ( _R — — *- — — >■ R ), denoted by R, is the unit object for the 

tensor product to any factorization in MF R 'J , where — is filled with "all", "fin" or the empty. In brief, for a 
matrix factorization M G Oh(MF 3 R '~) we have 

M E R ~ M. 

Proof. We have this isomorphism by direct calculation. □ 

We directly find the following isomorphism and identity. 
Proposition 2.29. ForM G Ob(MFf£j) and 77 G Ob(MFfp~,), t/iere exists an isomorphism in MF%£~ R , +U) , 

(77e77)(1) = (7J(1))E77 
~ ME (77(1)). 

Proposition 2.30. For 77 G Ob(MF^ r 'J) and 77 G Ob(MFfp~,), i/iere errisfs an equality in MF^, 

(I/E77){m} = (77{™})E77 

= ME(77{m}) 

By Proposition 12.41 we have the following proposition. 

Proposition 2.31. If M is a finite factorization o/MF^ m and N is a factorization of MF R '^ U , then there 
exists an isomorphism as a two-periodic complex 

HOM fl (M,77) -77 EM*. 
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Corollary 2.32. If M is a finite factorization of MF^ r w and N is a factorization o/MF^ u , then there exists 
an isomorphism as a Z © 'Li-graded vector space over Q 

EXT R (M,N) ~ H(lV Si'). 

It is obvious by definition of a contractible matrix factorization that we have the following proposition. 

Proposition 2.33. Let N be a contractible matrix factorization. For any matrix factorization M , the tensor 
product N H M is also contractible. 

This proposition means that the tensor product of matrix factorizations can be also defined in the homotopy 
category HMF sr,a ". 

Corollary 2.34. M : HMF^'°" x HMF^J -> HMF%£%, tU+u , is well-defined. 

We consider the special case of the tensor product of two matrix factorizations. Let uj(xi, . . . , xf), oj'{y\, . . . ,y.j) 
and u>"(zi, . . . , Zk) be potentials of polynomial rings R = Q[xi, . . . , Xj], R' = Q[yi, ■ ■ ■ , yf\ and R" = Q[zi, . . . , Zh] 
respectively. One of matrix factorizations is an object of MF^T^, LU _ uJ , denoted by M. The other is an object 
of MFfp^j,, u'-lu" denoted by N. Their tensor product M Kl N is an object of MF^' 8Ji „ by definition. 

The matrix factorization M M N is also an object of MFfjT^,, since the polynomial lu — lu" is a potential 

of R <g> i?'. Then, we can regard the tensor product as a bifunctor to MF^L through MF^' 8Ji « iU _ u „ 

Moreover, a contractible factorization of MF^Ta ^,^,, is also contractible in MFfp^ H ,, LU _ LU ,,. Therefore, 

we have 

H : HMF^',.-.' x HMF^„ U ,_ U „ - HMF?^,, 
The tensor product does not preserve finiteness of a matrix factorization. However, we have the proposition 

Proposition 2.35 (Proposition 13 [5]). If M is a factorization o/MF^ 8ff W _ IJ , and N is a factorization of 
^^R'0R" u'—u>" (that is, the cohomologies of these factorizations have finitely dimensional), then the tensor 
product M M N is also a factorization with finite- dimensional cohomology o/MF^ 8ff/ u>-u>"- 

Therefore, the tensor product preserves finite-dimensional cohomology of a matrix factorization by this 
proposition. Thus, we can regard the tensor product as a bifunctor from categories of factorizations with 
finite-dimensional cohomology to a category of factorization with finite-dimensional cohomology: 

B : x MF^,, w ,_ w „ - MF^ R „ jW _ w „, 

B : HMPggff^ x HMF^,,,^,^ - HMF«; fl> _ u „. 

2.9. Koszul matrix factorization. Let R be a Z-graded polynomial ring over Q. For homogeneous Z-graded 
polynomials a, b £ i? and a Z-graded i?-module M, we define a matrix factorization K(a; 6)m with the potential 
a& by 

K(a;b) M := (M, M{^( deg(6) - deg(a) )}, a, b) 



= (M 2 -M{i( deg(b) - deg(a) )} 5 Hlf) , 



where deg(a) and deg(&) are Z-gradings of the homogeneous Z-graded polynomials a, b G R. 

In general, for sequences a = *(oi, <Z2, ■ • • , ctft), b = t (bi, hi, ... , bk) of homogeneous Z-graded polynomials in 
i? and an i?-module M, a matrix factorization K (a; b) A/ with the potential 5Zj=i a i^j ^ s defined by 

K (a; b) M = I i^K; B (Af, 0, 0, 0). 

z— 1 

This matrix factorization is called a Koszul matrix factorization [5] . We easily find the following propositions 
by a change of bases of i?-modules. 

Proposition 2.36. Let c be a non-zero element in Q. There is an isomorphism in MF^ r '°" 

if (a; b) M ^ if (ca; c _1 6) M - 
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Proposition 2.37. 



K(a-b) M {l) = K(-b;-a) M {^(deg(b)-deg(a))} 
~ tf(&;a) A /{i(deg(b)-deg( a ))} 

The dual of Koszul matrix factorization can be explicitly represented as follows. 

Proposition 2.38. Let M be an R-module and let a and b be homogeneous 1-graded polynomials of R. We 
have 

{K(a-b) M f ~K(-b;a) M -. 

When M = R we have 

(K(a;b) R )* ~K(-b;a) R . 

Proposition 2.39 (Rasmussen, Section 3.3 in |15j). Let a; and bi be homogeneous 1-graded polynomials such 
that dcg(ai) + deg(6i) = deg(a 2 ) + deg(6 2 ) and let Ai (i — 1, 2) be homogeneous 1-graded polynomials such that 
deg(Ai) = deg(a 2 ) - deg(ai) and dcg(A 2 ) = -deg(6i) + dcg(a 2 ). 
(1) There is an isomorphism in MF^"'"^ + 6 

h \\ _ T s ( ' ( ai \ ( b i - ^i b 2 
a 2 + Aiai J ' \ b 2 



K 



a 2 



K 



A I 



A I 



(2) There is an isomorphism in MF|^ ib , a 6 
K 



a i 
a-2 



b 2 



A I 



ai + X 2 b 2 
a 2 - A 2 &i 



A I 



We immediately find properties for the bifunctor HOM#( , ) of Koszul matrix factorization by this propo- 
sition. 

Proposition 2.40. Let a, b and c be non-zero homogeneous 1-graded polynomials of R. We have isomorphisms 
as a two-periodic complex. 

(1) 

ROM R (K(a; b) R , K{a; b) R ) ~k' 







(2) 
(3) 



ROM R (K(a; bc) R , K(ab; c) R ) ~ K 



EOM R (K(ab; c) R , K(a; bc) R {-deg (b)}) ~ K 



By this proposition, we find the following isomorphisms. 
Corollary 2.41. We have isomorphisms as a 1-graded Q-vector space. 



(1) 



(2) 



HOM MF (if(a; b) R , it (a; b) R ) ~ R, 
ROMhmf (K (a; b) R ,K {a; b) R ) ~R/(a,b) , 

HOM MF (if(a; bc) R , K(ab; c) R ) ~ R 7 
ROMkmf (K (a; be) R ,K{ab;c) R ) ~ R/(a,c) . 



(3) 



HOM MF (if(a; b) R , K(a; b) R (l)) ~ 0, 
HOMhmf (K(a; b) R , K(a; b) R (l)) ~ 0. 

ROM MF (K(a; bc) R , K(ab] c)«(l» ~ 0, 
HOM H mf(A>; bc) R , K(ab; c) R {l)) ~ 0. 

UOM M F(K(ab; c) R , K(a; bc) R {-deg (&)}{!» =s 0, 



ROM M F(K(ab; c) R , K(a; bc) R {-dcg (b)}) ~ JZ, 
HOM HM F(-Ps:(a&;c) fl ,i<r(a;6c) fi {-deg(6)}) ~ i?/(a,c) , ROM H mf(K (ab;c) R ,K {a; be) R {-deg(b)}{l)) ~ 0. 

We find a dimension of Hoiiimf and HomjjMF as a Q- vector space by this corollary and Proposition ^. 251 



2(1 



YASUYOSHI YONEZAWA 



Corollary 2.42. We find dimension of a Q-vector space of Z-grading "preserving morphisms between factoriza- 
tions. 



(1) 



dim q liom MF (K(a;b) R ,K(a]b) R ) = 1, 



(2) 



dimQHom M F(A(a;&c)_R, A(a6;c)_R) = 1> 



dimQ Hom H MF(-K(a; b) R , K{a; b) R ) = 1. 
dimjj HomHMF(A"(a; bc) R , K(ab; c) R ) = 1. 



(3) 



dimQ Hom M F(A(ao; c) R , K(a; bc) R {~deg (&)}) = 1, dim Q Hom H MF(^(ai; c)r, K(a; bc) R {-dcg (6)}) = 1. 

Theorem 2.43 (Khovanov-Rozansky, Theorem 2.1 pU]). £e£ a,, bi and b\ (i = l,...,m) be homogeneous 
Z-graded polynomials in A and let M be an R-module. If a\, . . . , a m G R form a regular sequence and 



^ a l b i = ^ a i b 'i ( =: w )' 



there exists an isomorphism in MF R 



gr.all 



K 



( ai 



\ On 



/'I 



"1 



A" 



,1/ 




Corollary 2.44. Put R = Q[xi, x 2 , ■ ■ ■ , x&] and A y = A[y] / (y' + + a 2 y l ~ 2 + ... + «;), w/iere CKj G A 

suc/i £/ia£ deg(ai) = zdeg(y). 

(l)Lei 6e a homogeneous It-graded polynomial E A y (i = 1, . . . , m), 6e a homogeneous Z-graded polynomial 
G A (i = 2, . . . , m) and Zei f>i, /? oe homogeneous Z-graded polynomials G A y i/ie property (y + jS)b\ G A. 
// i/iese polynomials hold the following conditions: 

(i) (y + (3)bi, b 2 , ■ ■ v b m form a regular sequence in R, 

m 

(ii) aih(y + /?) + ^ a ^ H w ) e R - 

i=2 

then there exist homogeneous Z-graded polynomials a[ G A (i = l,...,m) and we have an isomorphism in 



MP 



gr.all 
R.uj 





( 


( (y 


+ 0)ai 


\ 


( h 


) 


) 




( 


( (y + PK 


) 




( 6 i ^ 


\ 








a 2 


















b 2 




K 
















~ K 








1 








{ 




11 !!! 


J 


\ b m 


J 


J 




\ 




J 




\ bm J 


) 



(2) Let a; be a homogeneous Z-graded polynomial G R y {i = 1, . . . , m), bi be a homogeneous Z-graded polynomial 
G A (i = 1, . . . , to) and [3 be a homogeneous Z-graded polynomial G A. If these polynomials hold the following 
conditions: 

(i) b\, b 2 , . . ., bm form a regular sequence in R, 

m 

(ii) ai&i(y + 0) + ^ aA (=: uj') G A, 

i/ien i/iere exist homogeneous Z-graded polynomials a[ G A y and a[ G A (i = 2,..., to) and we /laue an 
isomorphism in MF^'^I, 





t 


1 a\ 


\ 




( b^y + p) \ 


) 




( 


( «i ^ 




( hiy + p) \ 


\ 






a 2 






b 2 








a' 2 




b 2 




K 








1 






~ K 














\ 


\ a rn 


J 




\ b m J 


J 


R v 


\ 


{ < J 




{ b m J 


) 



Proof. This corollary can be proved by using Theorem 12.431 and the relation of the quotient R y 



□ 
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Remark 2.45. Put R y = R[y] / (y l + ctiy 1 1 + a 2 y l 2 + . . . + aij (oii £ i?). i^e variable y remains in a 
homogeneous IL-graded polynomial p then a matrix form of p to R y is complicated as an R-module morphism. 
However, if the variable y dose not exist in a polynomial p then a matrix form of p is simply a diagonal map as 
an R-module morphism, 



( 



(Ry 



PaR \ 

PiR 



( 



( p 
p 

V o o 







p / 



I3 R \ 
PiR 



V Pi-iR } 



where /3q, [3%, . . ., form a basis of R y as an R-module. 



In the next section, Corollarv l2 .441 is useful for decomposing a matrix factorization into a direct sum of matrix 
factorizations. 

Theorem 12.461 is a generalization to multivariable of Theorem 2.2 given by Khovanov and Rozansky [10] . 

Theorem 2.46 (Generalization of Khovanov-Rozansky's Theorem 2.2 [TO])- We put R = Q[x\, where x = 
[x\, x%, . . . , Xi) . Let ai and bi (1 < i < k) be homogeneous 1-graded polynomials in R[y], where y = (j/i, y2, ■ ■ ■ , y m ) 
and let M be an R[y]-module. We suppose that sequences a = t (a\, a®, . . . , a^) and b = t {b\, 62, ■ ■ ■ , satisfy 
the conditions 



(i) E*=i Oibi (=: u) 6 R, 

(ii) There exists j such that bj = cy™ 1 y 2 Tl2 ■ ■ ■ y7 
include the monomial y™ 1 y 2 Tl2 ■ ■ ■ y™ 1 ■ 

Then, there exists an isomorphism in HMF^ r '°", 



-p, where c is a non-zero constant and p E R[y] does not 



K(a;h) M ^ K(k;b) 



M/bjM, 



where a and b are the sequences omitted the j-th entry of a and h. 

Proof. This theorem is proved by a similar way to the proof of Khovanov-Rozansky's Theorem 2.2 |10) 



□ 



Corollary 2.47. We put R = Q[x], where x = (xi,X2, ■ ■ ■ Let ai and bi (1 < i < k) be homogeneous Z- 

graded polynomials in R[y], where y = (y\, 2/2, • ■ ■ , ym) cind let M be an R[y]-module. We suppose that sequences 
a = t (a\, 0,2, ■ ■ ■ , afe) and b = *(&i, b2, ■ ■ ■ , bk) satisfy the conditions 

(i) Eti Oibi (=: u) G R, 

(*) There exists j such that a homogeneous Z-graded polynomial bj(x,y) £ R[y] satisfies bj(0,y) =/= 0. 



Then, there exists an isomorphism in HMFjj 



gr.all 



K(a;b) M ^K(k; b) 



M/bjM- 



Proof. Each monomial of bj (0, y) forms y\ x y 2 2 
Thus, we obtain this corollary. 



Then, bj(x,y) satisfies the condition (ii) of Theorem l2.46l 

□ 



Corollary 2.48. We put R = Q[x], where x = (xi,X2, ■ ■ ■ ,x{). Let at and bi (1 < i < k) be homogeneous Z- 
graded polynomials in R[y], where y = (y±, y2, • • ■ , y m ) o.nd let M be an R[y]-module. We suppose that sequences 
a = a,2, ■ ■ ■ , a&) and b = *(&i, b2, ■ ■ ■ , b^) satisfy the conditions 

(i) Ei=i a * b i (='■ w ) e R , 

(ii) There are homogeneous ^L-graded polynomials bj 1 (x,y),bj 2 (x,y), . . . ,bj r (x,y) € R[y] such that the se- 
quence (bj 1 (0, y), bj 2 (0, y), . . . , bj r (0, y)) is regular in 
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then there exists an isomorphism in HMF^'^ , 

K(a;b) M ^K( a ; b ) Af/ ^. ii6 . 2i ... )6 . r ) Jwr 

Proof. The sequence (6^ (0, y), 0j 2 (0, y), . . . , o Jr (0, y)) is regular by the assumption. Then, by applying Corollary 

12.471 to the polynomial bj r (x,y), the sequences a and b still satisfy the conditions (i) and (ii). Thus, we can 
prove this corollary repeating this operation. □ 

2.10. Complex category over a graded additive category. In general, for a graded additive category A, 
we can define the complex category over A and its homotopy category. Moreover, when A has tensor product 
structure we can define tensor product in the complex category. 

Definition 2.49. Let A be a graded additive category. The category of complexes bounded below and above over 
A, denoted by Kom h (^4) 7 is defined as follow. 

• An object o/Kom b (.4) forms 

d ax i-2 . dc x i-l . d cxi d cxi+1 

X* : ^ x 1 - 1 >■ X 1 >■ X t+1 = , 



where X 1 is an object of A for any i, X 1 = for i <C , i 3> and the boundary map d cX i is a "L-grading 
preserving morphism such that rfcx'+^cjf = in Mor(*4) for any i. 
• For objects X* and Y* , a morphism from X* to Y* is a collection (. . . , /* , /\ /* , ■ ■ ■), denoted by 
f, of a 1-grading preserving morphism f l of Hom^(X 4 , Y l ) such that d cY ip = f l+1 d cX i for every i: 

d cx i-2 dc x i-i d cx i d cx i+i 

>■ x 1 - 1 - — x i — x i+1 • • • 



/' 



+1 



yz — 1 ^ -yi y^i+l 



d CY i-2 d CY i-i d CY i d CY i+i 

The set of morphisms from X* to Y* is denoted by Hom^X' ,Y') and Hom_4(X*,X*) is denoted by 
End^(X') for short. 

• The composition of morphisms f'g* is defined by (. . . , /' ' g' , f l g l , f l+1 g %+1 , ■ ■ ■)■ 

We define complex null-homotopic in Kom h (^4). A morphism /* : X* — > Y* is complex null-homotopic 

if a collection h* = (..., h c l ~ l , he 1 , h c z+ , ■ ■ ■) of Z-grading preserving morphisms h c l : X 1 — > y i_1 exists such 
that /' = h c l+1 d cX i + d cyi -\h c % in Mor(yl) for every i: 

d Cx i-2 , d ax i-l d cx i d ax i + 1 

>■ X 1 " 1 — >■ X 1 — >■ X l+1 9 



i p- 1 h c ' f h c ' + 1 f i+1 
t / f / I 

yi— i ^* y*+i >■ ■ ■ • • 

d CY i-2 d CY i-i d CY i d CY i+\ 

Morphisms f',g* : X' — > Y* is complex homotopic, denoted by /* °~ g* . if /* — g* is complex null- 
homotopic. 

Definition 2.50. The homotopy category ofKom b (A), denoted by IC b (A), is defined as follow. 

• Ob(K. b (A)) = Ob(Kom 6 (.A)), 

• Mor(]C b (A)) — Mor(Kom & (^4)/{comp^ex null-homotopic} . 

• The composition of morphisms is defined as the same in KomV)- 

The complex translation functoi0 [k] (k G Z) changes a complex X* into 

{x'[k]y = x l ~ k . 



2 This definition of complex translation functor is different from the ordinary definition (X'JA;]) 1 = This definition matches 

with Poincare polynomial P(D) of Z © Z ffi Z2-graded homology, see Remark 12.611 
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Definition 2.51. We assume that a category A has tensor product structure, 

® : A X A^ A. 
For complexes X' and Y* , we define X' ® Y* to be 

(X'(g>Y') k := X*®Y*, d c(x . m . )k = {d cXt ®Id Y i + (-l)Td x , ®d cY] ). 



i+j=k 



i+j=k 



2.11. Complex category of a Z-graded matrix factorizations. HMF^'J" (— is filled with "all" , "fin" or the 
empty) is a graded additive category with tensor product M. We consider the complex category Kom (HMF^'^ - ) 
and the homotopy category K (HMFj'~). Moreover, we consider a full subcategory of HMF^T'J" whose objects 
are essential factorizations, denoted by HMF^'J" ' es . We also consider the complex category Kom b (ilMF R '~' es ) 
and the homotopy category K. b {RMF 9 ^'~' es ). 

We find the following proposition by Corollary 12. 121 



Corollary 2.52. HMF 



gr,- 



R and HMFjj ' ' ' s are categorical equivalent. 



By Corollary 12.121 we know that a matrix factorization M € Ob(MF|j r ' w ) is a direct sum of an essential 
factorization and a contractiblc factorization M es © M c . Then, we also find that M* in Ob(Kom b (HMFf[' a 7)) 
is describe by the following complex 



M. 



M 



4+1 



d M'~ 2 



M 1 - 1 ( d TI l 



mi ( d Mi 



M +1 ( d M 



+ 1 * 



Entries denoted by * of boundary morphisms arc null- nomotopic since any morphism from a contractiblc factor- 
ization or to a contractible factorization is null- nomotopic. Then, this complex is isomorphic in Kom^HMF^'J") 
to 



For a morphism /* : M 
Mis 

N' 



N , we have 

drri-2 



Ml 



M 



4+1 



M 



-l 



Ml 



M 



i+i 



/r 1 

-1 



N 



.4+1 
J es 

4+1 



The map from M to M es and from / to f es is functorial from Kom b (HMF|j r ' w ) to Kom' s (HMF^ r ' w ), denoted 
by £S. 

Proposition 2.53. The functor £S is a categorical equivalence. 

Proof. We need to show that (a) any object N of Kom es (HMFg'J ) is isomorphic to £S(M) for some objects M 
of Kom 6 (HMFfjT'J ) and (6) the functor £S is fully faithful. The fact (a) is satisfied by definition of £S. (b) The 
functor £S is a full functor since Kom^HMF^'J) is the full subcategory of Kom h (HMF^'J). £S is a faithful 
since any morphism from a contractible factorization or to a contractible factorization is null homotopic. □ 

The definition of the tensor product naturally adjusts to the category Kom b (HMF 9,%a ") and Kom b (HMF 9r ). 
We also denote the tensor product in Kom b (HMF 9r '~) by IEI; 

M : Kom^HMFf^f ) x Kom b (HMF^) — > W(HMF^ >+U ,). 

By Proposition 12.351 we also obtain bifunctors 

M : Kom b (HMF^, x W(HMF^„ y _ w ,^ - 

H : Kom b (HMF^, u _ w ,) x W(HMF^,„ y _ w „ 

Finally, we show a proposition for Koszul factorization. 



Kom b (HMFg^„ 



Kom b (HMFf 
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Proposition 2.54. Let ai, a! i and 6, (i = 1, . . . , k) be sequences of homogeneous X-graded polynomials in R 
such that 

k k 

(1) ca\b\ + aibi = ca'ibi + a'jbi, where c is a homogeneous ^-graded polynomial of R, 

i=2 i=2 

(2) b is a regular sequence. 

PutS = K((a,2, ■ ■ ■ , Ofe); (b 2 , ■ ■ ■ , bk))R and S = K((a' 2 , . . . , a' k ); (62, . . . , i>fc))fl. By Corollary \2.44\ we have 
isomorphisms 

K(ca 1 ;b 1 ) R E'S—?+K(ca! L ibi)REl? > 

Kia^cb^R^S *- if(ai;c6i) R K15' • 

(1) We have the Z-grading preserving morphisms between matrix factorizations 

_ fc,l)Hl<hr _ 
Kicav^R S S K(ai;cbi) R El S{-dcgc} , 

_, ( C ,ipi<%, 

lf(cai;6i)HK15 *~ if (a%; c&i)r IS £ {-degc} ■ 

Then, this morphism satisfies the condition 

(( C) l)HIdy) •^ = ^-((c,l)KId^)- 
T7ia£ is, i/iese natural morphisms between matrix factorization give the commute diagram 

_ (c,l)BId T _ 

K(ca 1 ;b 1 ) R H S A> i; c6i) fl El S{-degc} 



X(cai; h) R IS 5 A>i;d>i) fl S S*'{-degc}. 

(2) W^e /lave t/ie Z-grading preserving morphisms between matrix factorizations 

_ (l,c)KId~- _ 

Kia^cb^R S S K(ca 1 ;b 1 ) R IS 5 , 

_, (l,c)HI<%/ _, 

lif(oi;c6i)fliaS >■ A'(cai;6i) fl H5 ■ 

Then, this morphism satisfies the condition 

((1, c) S Idj) - Tp = ^- ((1, c) IS Idg/) . 
77ia£ is, i/iese natural morphisms between matrix factorization give the commute diagram 



_ (l.c)KlId- 

A^ai^i^S' — ■ 



Kia'^cb^R^S 



K(cai;bi) R MS 
K(ca' 1 ;b 1 ) R ms'. 



Proof. It suffices to show influence of isomorphisms of Proposition 12.391 on the following morphism 

(c,l)EIId 



K 



ai 
an 



cb\ 

l>2 



cai 
a 2 



bi 
b 2 



We obtain the following morphism by direct calculation of morphism composition 



cb\ 
62 



(cl)EIId 



ca\ 



h 
b 2 



□ 
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2.12. Cohomology of complex of Z-graded matrix factorizations. We define a cohomology of a complex 
of factorizations. 

Proposition 2.55. A complex of factorizations M of Ob(Kom b (HMFjj r ^ )) induces the following complex of 
Z © 1,2-graded Q-vector spaces, denoted by H m /(M ): 



H m/ (M ) = *-H(M ) ^H(M ) *■ H(M 

Proof. By Proposition ^. 71 a null-homotopic morphism between factorizations induces between cohomologies of 
these factorizations. Therefore, the condition d c jji+id c jji = in Mor(HMF^"'J") induces H(d c ^+i)H(<i c -™ ) = 
for every i. □ 

Proposition 2.56. A TL-grading preserving morphism f from M to N of Mor(Kom b (HMF^ r ' w )) induces a 
1-grading preserving morphism H m f(f ) from H m /(Af ) to H m f(N ); 

. H(d c ™_i) . Hfde™) 



H m/ (M") H(M ) H(M') — H(M )) 

H,„/(7*) = 



H(7) 



H(/ i+1 



H m/ (7V') H^ 1 ) HKw "" * H(lV 4 ) — jj^+ij _ 

Proof. The condition 7 +1 d cW = d cW f in Mor(HMFf£'J" ) induces the condition H(/ l+1 )H(4 17 = H{d cW )H(J l ) 



for every i by Proposition 12.71 □ 

Corollary 2.57. H m / is a fund or from Kom 6 (HMF^ r, J") to the category of complexes of 1®l2- graded ^-vector 
spaces and ^-grading preserving morphisms, denoted by Kom b (Q-Veci). 

Proposition 2.58. A complex null-homotopic morphism f from M* to N* o/Mor(Kom''(HMF^'J~)) induces 
a complex null-hotopic morphism H m /(/ ) from H m /(M ) to H m f(N ) of Mot (Kom b (Q-Vect)) . 



Proof. There exists a collection h c = (hi : M* -» N ) such that f = h l + x d CTr +d cw -ihl in Mor(HMF^ r ' J ) 



for any i. The collection /i c * = (/i* : M* — » 1 ) induces the collection K m f(h c ') = (H(7^,) : H(M*) — ► 
H(iV " )) satisfying that the condition H(/ ) = H(/i c )B.(d c - M *) + H(d cW -i)R(h c ) for every i by Proposition 

E3 □ 

Corollary 2.59. H m / zs a functor from /C (HMFf^'J - ) to i/ie homotopy category JC b (Q-Vect). 

We denote the cohomology of H TO /(M ) by H(M ) and call it a cohomology of a complex of factor- 
izations. This is a Z © Z © Z 2 -graded Q-vector space H(M*) = feeZ H fc <°(17*) © H fe ' 1 (M*), where & is 
corresponding to the complex grading. 

Definition 2.60. Poincare polynomial P(M ) of a complex of matrix factorizations M is defined to be 

P(M') :=^t k {gdim(H fe >°(M*)) + sgdim^'^M*))} . 

Remark 2.61. We find the following equations 

P(M'{m})=q m P(M') 1 
P(M'{f( q )} q ) = f( q )P(M') 7 
P(M'[m}) =t m P(M*). 

3. Symmetric function and its generating function 

In this section, we give a few special symmetric functions and their generating functions. Using these func- 
tions, we define matrix factorizations for colored planar diagrams and show isomorphisms corresponding to 
some relations of the MOY bracket in next Section [U 
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3.1. Homogeneous Z-graded polynomial. Let Xk,i be a variable with Z-grading 2k(k G N, i: a formal 
index) and we define xqj = 1 for any i. Let xj™ be a sequence of to variables xi t i (1 < I < m); 

^(i) ^ = a '2,ij ■ ■ ■ j x m,i)- 

Let (ii, «2, . . . , ifc) be a sequence of indexes. For a sequence of positive integers (mi, m.2, . . . , Wfc), we define 
"^(<i'VJ T * a 'Vfc') Tn ' fc ^ *° ^ e a ^ _ g ra ded polynomial ring over Q generated by variables of sequences x|™ 2 \ . . ., 



^(ii ,12, ...,ifc) — ? 2-2, in ■ ■ • i 0? TOl , 3^1. i 2 , 0: 2 ,i 2 , • • • i x m 2 ,i 2 ) • • • ) ^l,tfc ) ^"2,ifc i • • • j ^mio 

whose Z-grading is induced by the Z-gradings deg^,^) = 2Z (1 < Z < m^, 1 < j < k). Let s(m) be a function 
which is 1 if m > and —1 if to < 0. For a sequence of integers (mi, TO2, . . . , mfc), we define ^/V ■■ m,) to 
be a generating function composed of symmetric polynomials (k = 1, I) 

i 

U(i + x 1 , ik + ... + x lmkltik y {mk) 
fe=i 

and define ^( mi / m2 ''''''™,f' to be the homogeneous term with Z-grading 2m of x} mi .' m2 ''."/ mi ' . For example, 

.(1,-2,3) (1 + X Ml )(l + Xi,i 3 + X 2 ,i 3 + X 3 ,j 3 ) 



( il,i2 ' i3) (l+x M2 +a; 2)i2 ) 
xi 1 !- 2 - 3 ^- , = polynomial with Z— grading 6 of - — — — — ^~ 1,83 — 2 '' 3 — 3 '' 3 ^ 

= 2a- M2 ;E2,i 2 - x\.i 2 + (~ x 2,i 2 + x l,i 2 ){xi,h + x l,i 3 ) - x l,i 2 ( x 2,i 3 +0:1,^0:1,13) +X3,i 3 + Xi, il X2,- 

In general, we denote the sequence of homogeneous Z-graded ( m e ^>i) ^y x£™ I ^ a '7'^ m , 

^r(mi,m 2 ,...,mi) _ r y-(roi,m 2 ,... ,mj)\ 
A (ii,i 2 ,...,ii) — ^ m,(ii,ta,...,ij) MGN>i- 

These polynomials have the following properties. 
Proposition 3.1. (1) For any a G where Sk is symmetric group, 



y(mi,ro2,...,mis) y-(™» .(i),m .(2)i...,m .(k)) 

m,(ii,i 2 ,...,ife) — m,(i CT (i),V(2),---,i<r(fc)) 



(2) For any I G {l,2,...,fe- 1}, 



rn.(ii,i 2 ,...,ik) ~ i. / rn-j,(ii,...,ii) j,(i t + 1 ,...,i k ) 
3=0 

(3) For anj/ positive integer mi, 

j^(-mi,m 2 ,...,m k ) _ ^(m 2 ,...,m k ) _ -^■(-m 1 ,m 2 ,...,m k ) _ _ j(-roi,mj ms) 

m,(zi,z 2 ,...,2fc) m,(i 2 ,...,i k ) ' 1>*1 m— ,«2 ,■ ■ ■ ,ifc ) '*' ' mi ' 11 m— mi , (ii ,i 2 ,. . . ) ' 

(4) For an?/ positive integer m, we have 

rn 

Ej^(m 1 ,...,m k ) j^(-m-L,...,-m k ) _ „ 
rn~l,(i 1 ,...,i k ) l,(ii,...,i k ) 

1=0 

(5) For any number I G {0, 1, . . . , k - I}, we find that (x[ m ( ^ £*\ . . . , xi^^) and (^ft 1 ^) 5 - 
X, m '+ 1 '--;' . mk ' l'™ 1 .''"'" 1 '! — m! + 1 '---' mfe -h transform to each other by linear translations over 

D (mi,ra 2r ..,m t ) 
/I, . \ 

(n,t3,...,»h; 

Proof. (1): x'™ 1 .'™ 2 ' -'™^ and x (ro f. (1),m< ' t2) '"" m '' (f! ' ) have the same generating function. Then, we obtain (1) 

V 7 TOi(»l,«2, .".»*) ™,(^(1),^(2),---,V(* : )) tab , W 

(2): The generating function of X^V™ 2 '''''^^ equals 



/TT y(fin,...,mi)wTT Y (mi +1 ,...,m k )\ 

^ll A «,Cii,...,ii) HL A t,(i l+1 ,...,i k ) )■ 



s=0 t=0 
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(3) is obtained by the equality 



1 _ 1 



r(mi,...,m t )^-(-mi,.... 
L (ti,...,-ifc) ..,•<*) 



(4): By Proposition[2j](2), the left-hand side is an ?n-graded polynomial of xj" 11 '"'.' 7 ?''" 1 xj. mi '--< mk > , However, 



we have xf mi ' '-'T fc ^xf mi v' = 1. Then, we obtain the equation of (4). 
(5): We use the induction to m. We have 

^-(mi,...,m fc ) _ jr(rn 1 ,...,m l ) _ j^(-rn 1 + 1 ,...,-m k ) 

By assumption of the induction and Proposition 13. II (2), we have 

y(mi,...,m it ) _ V"^ y(mi,...,mi) ^-(m i + i,...,m fc ) 
s,(ii,...,i fc ) ~ / j s-t,(ii,...,i t ) t,(i l + i,...,i k ) 
t=0 

Moreover, by the assumption and Proposition [3TT| (4) , we have 



E-^(m 1 ,...,mi) -^(mi + 1 ,...,m k ) j(mi,-,"l) , + TO*) y-(m !+ i, ...,m k ) 

s—t,(ii,...,ii) t,(ij+i,...,ijt) s,(ii,...,ii) Z_/ s— t,(ij+i ,...S k ) t,(i t + 1 ,...,i k ) 

v (m Ir ..,m|) „(— m 1 + i,...,— m fe ) 

»,(tl,...,ll) S,(li + l,...,lfcJ 

T^or-of^yo y-( m I+li— » m *) y (mi + i,...,m t )> , , y (mi,..,m,) v (-m; + i,...,-m fc ) Y (m 1: ....m,) Y (-mi +1 ,...,-m k ] 

transform to each. Thus, we obtain the claim (5). □ 
Remark 3.2. Provosition \3. 1\ (5) is obtained by the following equivalent in the words of a generating function: 
X in >r-' m - k \ = for any m £ N>i 

^ nCi + ^i^, + • .. + a;| mjU ,,) s(mj) = 1 

3=1 

i fe 

x K..,m,) _ A .(-m l+ll ...,-m») = q f N 
m,(ii,. ..,!;) m,(ii + i,...,ifc) J ^ x 

3.2. Power sum, elementary and complete symmetric function. Hereinafter, we fix an integer n. The 
integer n means that we consider a homology theory corresponding to the quantum sl n link invariant. We 
suppose that variables tij, t2.i, ■ . ., i m ,i, where i is a formal index, have Z-grading 2. We consider the power 
sum t™^ 1 + tV[\ + . . . + t'^l in the polynomial ring Q[ii,i, . . . , i m »]. The elementary symmetric functions 
x j,i = Si<fe 1 < <fe <m ^i>i • • ■ tkj,i (1 < .7 < m ) form a basis of symmetric functions (Its Z-grading is naturally 
2j). Then, the power sum is represented as a polynomial of the subring Qfxi^, . . . , x m ,j] generated by the 
elementary symmetric functions, denoted by F m (xi t i, X2,i, ■ ■ ■ , x m< i) or F m (\^) for short; 



F (X^) — F (Vi ■ to • r ■) — t n+1 + t n+1 4- +f n+1 
We find that the elementary symmetric function Xk,i naturally has Z-grading 2k. 



Proposition 3.3. Put Xj.i = 2i<fc 1 < <fc<m^ fe i:i • ■ • tkj,i (1 < J < m ), which is the elementary symmetric 
functions of variables t\ >i; t 2 ,i, t m<i , and yj^ = J2i<k 1 <...<k j <m **i>* • • • *M C 1 - J - m )' w/l * c/l * s ^ e 
complete symmetric functions of variables t\ t i, t2,i, ■ ■ t m ^. 

(1) *s a generating function of elementary symmetric functions Xj,%- 

(2) xL m ^ is a generating function of complete symmetric functions up to ±1. 

(3) For m < n, we have 

m 

Fjn(xi,ii X2,ii • • • ; ^>m,i) = ^ ^ ( -0 ^ ^fe,i-^ n _(-X — fc,(i) ' 
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Proof. (1): It is obvious by definition. 
(2): We find that 



(-If — _ 



k\ \dT J \1 + xi,iT + x 2 , l T 2 



T=0 





I 








X2,i 


Xl,i 


1 




%3,i 


X2,i 


X\,i '■ 






X 2 ,; 



We pick out a homogeneous polynomial with Z-grading 2k from the rational function XL m ' on the left hand 

side of the equation, that is, X^ On the other hand side, the determinant is the complete symmetric 
function with Z-grading 2k described by elementary symmetric functions. 
(3): We have 



1 









X14 


1 
















X\,i 


1 




F m (xi 








X2,i 


X\,i ' ■ ■ 

















1 






(n-\ 


- l)a;n+i,i 




■ ■ ■ X 2 ,i 


Xl t i 


variables in the 


right-hand determinant 


satisfy x 




= X m +2,i = 





Laplace expansion to the first column of the determinant. Then, we obtain this proposition (3) by (2). □ 
Proposition 3.4. (l)The sum of the polynomials F mi (X./™^) and F m2 (X^™'^) equals to F mi+m2 (IL^™ 1 ^™ 2 ^); 

(2) The polynomial F m (A^ ) is a potential of Fl^ 



Proof. (l)It is obvious by redescribing x 0li as J2i<k 1 <...<k J < m • ■ ■ *fe,-,<- 

(2) When m > n + 1, = 1- Then, the Jacobi ring Jp m ~ Q. Therefore, for m < n, we show that 

the Jacobi ring Jp TO = j 1 f , ■ • • , ^ t Fm . \ is finite dimension over Q. In other words, we show that the 
sequence {§^:, gf m . ) forms regular in . We find 

J ' 1 fe=l 

\ / J n+l— 1 V / v J/ Ti-[- 1 — j, (i) ^ 1 v 1 / n j r \—2\%) 

The radical ideal of (X^ , . . . , -X^ + ™2 m (,)) is equal to the maximal ideal (2:1,1, ■ ■ ■ , x m ^). Thus, the sequence 
#EM is regular. □ 

Corollary 3.5. (1) The sum of the polynomials F mfc (x|™^) (fc = l,...,j) equals to F^j mk^^i^'i'" 11 ^' 

y F mk (x<™*>) = Kpj (x[ mi : m2 -.-f j) ). 

Zl^ mfcV (U-) ; 2_,fc = l m '< (»1,»2, — ,V) 

fc = l 



(2)The polynomial ^""^ F mt (X^"ij^) is a potential °f R^ 1 ^™ 2 '^'.'™ 3 ^ 
fc=i 
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4. Colored planar diagrams and matrix factorizations 



In paper [8], Khovanov and Rozansky gave a potential for the vector representation V n of U q (sl n ) and 
defined matrix factorizations for intertwiners between tensor products of V n . Then, they showed that there 
exist isomorphisms of matrix factorizations corresponding to relations of intertwiners, see the MOY relations 
between planar diagrams with coloring 1 and 2 in Appendix [B] and defined a complex for an oriented link 
diagram using these matrix factorizations. Moreover, they discussed a potential for anti-symmetric tensor 
product of V n , called the fundamental representation, in Section 11 of [Ej- H. Wu and the author independently 
defined matrix factorizations for intertwiners of the fundamental representations f\ l V n (i — 1, . . . , n — 1) [TB] [19j. 
They independently showed that there exist isomorphisms of factorizations corresponding to most relations of 
the MOY bracket. 

In this section, we give definition of the factorization for colored planar diagrams and isomorphisms between 
factorizations corresponding to most MOY relations. 

Before defining factorizations for colored planar diagrams, we show the structure of the colored planar 
diagrams derived from a colored oriented link diagram by using the MOY bracket. The MOY bracket expands 
a single [i, j]-crossing into a linear combination of colored planar diagrams in Figure [T2l The colored planar 
diagram is locally composed of three types of oriented diagrams called essential, see diagrams in Figure [TO] 
Therefore, colored planar diagrams obtained by applying the MOY bracket to a colored oriented link diagram 
also locally consist of the essential planar diagrams. 

For a colored planar diagram T, we consider a decomposition of T into some essential diagrams using markings, 
see Figure [TTJ 

Definition 4.1. A decomposition into essential diagrams is effective if there exists no marking such that 
the decomposition cleared the marking off still consists of essential diagrams. A decomposition into essential 
diagrams is non-effective if there exists such a marking. 



For a given colored planar diagram, its effective decomposition is uniquely determined up to isotopy. 

Definition 4.2. A colored planar diagram is a cycle if the diagram has a region encircled by edges of the 
diagram and is a tree otherwise. 

The colored planar diagram produced from relations of the MOY bracket can be roughly divided into two 
types of cycle and tree. 





Figure 17. Effective decomposition and non-effective decomposition 





Figure 18. Tree diagram and cycle diagram 



Matrix factorizations for the colored planar diagrams are defined using the expression of the power sum in 
the elementary symmetric functions and homogeneous Z-graded polynomials in Section [XH 
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4.1. Potential of colored planar diagram. We define a potential for a colored planar diagram. It is a power 
sum determined by coloring, orientation of the diagram and an additional data which is a formal index. 

For a given colored planar diagram, we assign a distinct formal index i to each end of the diagram and, then, 
assign a power sum to each end as follows. When an edge including an i-assigncd end has a coloring m and an 
orientation from inside diagram to outside end, we assign the polynomial +F m (xi.i, X2,i, • ■ ■ , x m .i) to the end, and 
when an edge has an opposite orientation from outside to inside, assign the polynomial — F m (xij, X2.1, ■ ■ ■ , Xm.i)- 
A potential of a colored planar diagram is defined to be the sum of these assigned polynomials over every ends 
of the diagram. 

To each end of the edge with coloring m we simply assign only a formal index i or a sequence of variables 
x[™ } for convenience, see Figure [T9l These datum are enough to seek a potential of a diagram. 

A (2) . , 

m 2 14) 
7714 . 





A (5) 

FIGURE 19. Planar diagram assigned formal indexes and diagram assigned sequences 

For instance, the potential of the diagram in Figure [T9l is 

^(X^ 1 ) + F m2 (x|^ 2) ) - i^ m3 (x|3™ 3) ) + F m4 (x|^ 4) ) + f m5 (x|^ B) ). 

4.2. Essential planar diagrams and matrix factorizations. For an essential planar diagram, we define a 
matrix factorizations with the potential of the diagram. 

Definition 4.3. A matrix factorization for a colored planar line, 

® 

(1 < m < n), 



is defined to be 



(3) c( ^> J := .1 k(l™ 



2)' A J,(1) A J,(2); „(m, m) > 

(1.2) 



where 



L 



P (v( m ) v( m ) vi m ) v( m ) \_ p fyM vi m ) y( m ) v{ m ) \ 

r "1^1,(2)1 ■■■' yS -j-l,(2)'^j,(l)' ■■■>^m,(l)> r " i( -^l,(2)' ■■•'^j,(2)'^j + 1,(1)' "■' m : (iy 



J>(1;2) Y (m) _ „(m) 

It is obvious that this matrix factorization is a finite factorization of MF ffr /£"\ , , , . . We denote 

i?<™ 2 7 ) ,F m (X<™ ) )- J F m (X<™») 

this matrix factorization £('"2) for short. 

Remark 4.4. For m > n+ 1, we can consider the matrix factorization for a line colored m, ^^>™ , as the above 
definition. However, we find that such matrix factorizations are contractible, that is, isomorphic to the zero 
matrix factorization in HMF 9r . Because, in the case that m > n + 1, the matrix factorization i|™ 2 ) includes 
the contractible matrix factorization 

W A ^+1,(1:2)' ^n+l.CX) X n+1, (2) >R 

XTie polynomial with m variables F m is the expression of the power sum t™ +1 +t2 +1 +- ■ with the elementary 

symmetric functions Xj = J2i<ii< <i < m ■ • ■ % (l^J^™)- However, in the case of m > n + 1 , the power 
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sum t™ +1 + i 2 l+1 + • ■ • + ^m +1 is described as a polynomial of n + 1 variables x\ , X2, ■ ■ ■ , £n+i • Thus, we find 



L 



ra+l,(l;2) 



(— l) n (n+l). Then, the matrix factorization is contractible. 



Definition 4.5. We define matrix factorizations for the following trivalent diagrams: 

® ' ® 





(2 < mz — ni\ + ni2 < n). 



XTie /irsi one is defined to be 
/ 



(5) 




m 3 

:= B K(K 

3=1 



mi,7na]. -y-(ms) _ j(mi,mj) 



j,(3;l,2)>^i,(3) 



R (mi ,m 2 ,m 3 ) 
(1,2,3) 



where 



TP / r y"( mi ' m2 ) y" 1 -" 11 >" 12 - 1 y-vra; 
fm 3l A l,(l,2) > —'^-1,(1,2)' J',(3) '-' A m 3 ,(3)^ 



jj-(mi,m2) jj£-(rn 3 ) 



'(1113) 



A 



771 fy(™i 
^m 3 V^i (1 



(mi, 7712) 



^•(mijim) j(m3) 



("13) 



(1,2) ' ••■>^.j\(l,2) ' J+l,(3)' — '^m 3 ,(3) 



3,(3.1.2) 



j^(m 3 ) _ j(mi,m2) 



3,(3) 



3,(h2) 



denoted this matrix factorization by A,-™^ 2 for short. The second one is defined to be 



( ® © \ 



(6) 



where 




-1 \ ji(i) 2 ;3) ' 3,(1,2) ^,(3) y „(>»,«,»,: 



{-mim 2 }, 



p ( y( m 3) yV' 13 ) y\jni,m?) y(mi,rn.2}\ _ 771 ( yyma) yV' n a) yV' n i," l 2) yymi ,ni2 ) \ 

[mi,m 2 ] _ Jm 3 1^-1,(3) ; ^-j-l,(3)' ^-j,(l,2) > •"'^■7713,(1,2) > f ™3 1^1,(3) > •"'^■j,(3) '^3 + 1,(1,2)' ' ' ' ' ^m 3 ,(1,2) j 



■•("13) 



-(mi,m 2 ) 



-(mi,m 2 )-. 



(ma) 



'( m 3) y(m l ,m 2 ) 



r (m l .m- 2 )\ 



V, 



J,(l,2;3) 



(mi,m 2 ) 
3.(1.2) 



(m 3 ) 
3,(3) 



mi ,777.2] 



denoted this matrix factorization by V ^ 2 -3) /or short. 



Put w = F mi (x[™ l} ) + .F m2 (X[™ 2j ) -F m3 (X[™ 3j ). Two matrix factorizat ions ([5]) and j6]) arc finite factoriza- 



r (m 2 )\ 



<-(m 3 ) 



tions of MF 9 7„ / ; i " m2im3) 

^(1,2,3) 



and MF 



grjin 



p^m 1 ,Tn 2 ,m 3 ) 
(1,2,3) 



respectively. 



Remark 4.6. (1) For > n + 1, we can consider the matrix factorization for colored planar diagrams 

m "^fml"; m ij[ f m 2as the above definition. However, we find that such matrix factorizations are contractible, 
that is, isomorphic to the zero matrix factorization. 
(2) By definition, we can describe matrix factorizations for essential trivalent diagrams as a matrix factor- 
ization for a colored line; 



(m 3 ) 




= c 



v x (^ 2 ) ; / „ 

(mi ,m 
(1,2) 

m 3 



(™3) x 

(3) \ 



(mi,m 2 ) 



= c 



/ A (l,2) \ 



W-( m 3) 
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4.3. Glued diagram and matrix factorization. 

Definition 4.7. For a colored planar diagram T composed of the disjoint union of diagrams T\ and Y2, we 
define a matrix factorization for T to be tensor product of the matrix factorizations for T± and T2; 

c( r )„ :=c{ r x )„hc( r 2 )„. 

We consider only a colored planar diagram locally composed of essential planar diagrams. We inductively 
define a matrix factorization for the colored planar diagram obtained by gluing essential diagrams. 

We consider two tree diagrams which have an m-colored edge and can be match with keeping the orientation 
on the edge, see the left and the middle diagrams in Figure [201 These diagrams Tl and Tr can be glued at the 
markings and ^g) and, then, we obtain a tree diagram. Sec the right diagram in Figure l20l 

© © © © 

u v A® ©n/ v x u Y ; /l ^v,,v 

fm k m*\ Imh m[\ 

© © © © 

r L r R r G 

FIGURE 20. Gluing planar diagrams 

Definition 4.8. Let uj + F m (X^ ) be a potential ofT^ and u>' — F m (X&' ) be a potential ofTji. We denote the 
factorization for T l in Ob(MF £,r (mi _... im -m) (m) ) byC(TL)n andT R in Ob(MF 9r (m , m , , ) 

fl (»l,...,i fc ,l) ) 2) ! IJ ' _ - F m( X (2) ) 

61/ C(r#)„. ^4 matrix factorization for the glued diagram Tq is defined to be 



C{T G ) n :=C(T L ) n MC{T R ) n 



r(m)_„(m) 
(2) 



The definition means that we identify the sequence x|™^ and the sequence x|?^ after taking the tensor 
product of these matrix factorizations. Remark that the definition is essentially the same with the definition of 
gluing factorizations using a quotient factorization by Khovanov and Rozansky. The glued factorization is an 
infinite-rank factorization but has finite-dimensional cohomology. Therefore, the factorization is an object of 
MF 9r 

r mi ,...,m )t m 1 m,) , 
(*1 *fc'*l V 

Proposition 4.9. The glued matrix factorization C(Fg)„ has finite- dimensional cohomology. 

Proof. We can prove this proposition by Proposition 12.351 since an essential factorization is finite and a glued 
diagram is decomposed into essential diagrams. □ 




© 



® 



Figure 21. Diagram Tt and cycle diagram Tc 

We consider a colored tree diagram Tt and a cycle diagram Tq obtained by joining ends of edges with the 
same coloring, see Figure [2TI 

Definition 4.10. Let cj + F m (K^l ) — .F TO (xfe ) be a potential of the tree diagramTx- For factorization C(Tx) n 
m Ob(MF ffr , m „ ,„ „ , , . , > ), a matrix factorization for the cycle diaqram Tc is defined to be 

C(Tc)n '■= C(T T ) n \ „(m)_ „(m) ■ 
A (2) 

The factorization is an object o/MF sr (mi m , . 

C«i.---.»fc) 



QUANTUM (sl n , AV n ) LINK INVARIANT AND MATRIX FACTORIZATIONS 33 

Proposition 4.11. The glued matrix factorization C(Tc) n has finite- dimensional cohomology. 

Proof. The complex C{Yc)n/wC(Tc)n contains the tensor product of a finite factorization with the potential 
F m (X|™' 1 ) and a finite factorization with the potential — F m (x|™' 1 ). Then, the cohomology H(C(Tc)n) is finitely 
dimensional by Proposition ^. 351 □ 

We find that a glued matrix factorization loses potentials at glued ends. Therefore, the potential as a colored 
planar diagram is compatible with the potential as a matrix factorization for a colored planar diagram. 

For a given colored planar diagram, the matrix factorization for the diagram does not depend on a decom- 
position of the diagram in HMF 9r . 

Proposition 4.12. A matrix factorization for a colored planar diagram is independent of a decomposition of 
the diagram in the homotopy category HMF 9r . 

Proof. For a colored planar diagram, an effective decomposition of the diagram is uniquely determined. There- 
fore, we show a factorization for any non-effective decomposition of the diagram is isomorphic to the factorization 
for the effective decomposition. It suffices to show the following lemma. 

Lemma 4.13. (1) We consider the following planar diagrams 

r r r 

r a r b r c 

There is the following canonical isomorphism in HMF^ r (m) ^ ^ (x 1 "*')' w ^ ere ^ e polynomial ring R and the 
potential u> are determined by sequences of ends of the diagram except the sequence x|?? : 



\ r / n \ / 

(2) We consider the following planar diagrams 

j 



r, r, r s 

There is the following canonical isomorphism in HMF^ r (m) ^ ^ (x (m) )' w ^ lere polynomial ring R and the 
potential lu are determined by sequences of ends of the diagram except the sequence X/^J : 



.t 



Proof of Lemma \4-13\ 

We prove Lemma 14.131 f 1). By construction, a matrix factorization of the planar diagram T a forms as follows. 
C(J =M^0%;i t2 -ft) B w M 6Ob(MF r M , , ), 

V/ 'y !n a k=l W ' ' Fkl R\ 2) ><®R y fi[™ ) ®i?,w+F,„(X<™ ) ) ; ' 

where the factorization M a and the polynomial pk are independent of variables X^. Then, we have the 
following matrix factorization of the planar diagram T 

ra ra , , 

(7) M a H K(q k ;x k , 2 -Pk) R M _„ El H K(L [ ™1; x k ,i - x fc>2 ) (m , m) . 

k=l n (2) wn k=l ' ' (1,2) 

The potential of this factorization is lu + F m (XgJ). We choose %k,i - ^fc,2 (k = 1, m) as bj(x 7 y) of Corollary 
12.481 Then, the factorization ([7]) is isomorphic in HMF 5? (m) (m) to 

m 

M a m m K(r k ;x k>1 -p k ) B (n 



34 



YASUYOSHI YONEZAWA 



where is the polynomial 



Ak)_„{k) . By Proposition 12 .431 this is isomorphic to a factorization of the planar 

L (2)- A (l) 



diagram r c . 

We similarly prove Lemma T4. 131 (2). 



□ 



By Proposition ^. 121 it suffices to obtain a factorization for a planar diagram that we consider the effective 
decomposition of the planar diagram. The factorization is obtained by gluing factorizations for essential planar 
diagrams of the decomposition. A matrix factorization obtained by gluing essential factorizations generally 
becomes an infinite factorization. However, the glued factorization is isomorphic to a finite factorization in the 
homotopy category HMF 9r since it has finite-dimensional cohomology by Proposition 14. 91 and Proposition 14. Ill 

4.4. MOY relations and isomorphisms between matrix factorizations. We show isomorphisms between 
factorizations for colored planar diagrams corresponding to the MOY relations in Appendix iBl 

Proposition 4.14. Let Wi be a polynomial F mi (x[™ 4) ) - F mi - F„ i2 (X[™ 2) ) - F m3 (X[™ 3) ). 

7-gr 



(1) There is an isomorphism in HMF^ r (mi 




(1,2,3,4) 
\ / 



mi/ V^2 VH3 

sr( m i) v( m2 ) V*™ 3 ) 
A (2) A (3) 



Jn 



r(m 4 ) 



r (m 1 ,m 2 ,m 3 ) 
11,2,3) 



(m 4 ) 




/„ 



(2) There is an isomorphism in HMF 9r (mi nl2 m3 nli) 



(1,2,3,4) 

/ w (mi) w (m 2 ) w (ra 3 ) \ ( 



r(mi) w~(m 2 ) T§r(m 3 ) 
'(1) A (2) A (3) 



V 




c 



Jn 



X 



(m 1 ,m 2 ,m 3 ) 
(1,2,3) 



V 



J 



r(mi) ^-(m 2 ) ^-(m 3 ) \ 
(3) 



V 




where 1 < mi, m-2, < n — 2, m$ = mi + m2 < n — 1, mg = m2 + 7713 < n — 1 and 7714 = m\ + m-2 + 7713 < n. 



Proposition 4.15. (l)There is an isomorphism in HMFq^ 



Xj.l ~ x ji2 



Where J F m (x{^) 



is Jacobi algebra for the polynomial F m (K^) 



* a 7 „(».») 



( J F m (x{™>) -» -» J F m (X<™») ) {- mn + m 'l ( m ) ' 



? (m) 



9F„ 



9F„ 



(i) } (1) / \dxi } i dx mt i 



(2)There is an isomorphism in HMF ffr (m3 m3) 



Am 3 ) 



)-f„ 




m 3 
mi 
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(3) There is an isomorphism in HMF 9 , mi TO1 

/ ® 



C 



m 3 



V 




/« 



( ® \ 



71 — TJi! 

to 2 



where 1 < mi, TO2 < n — 1 and 7713 = mi + m2 < n. 
Proposition 4.16. There are isomorphisms in HMF 9r {1 



( ® 



(1)C 



( ® 



(2)C 



IV 



m+l 
m+1 



V 



/ 




{[to - 1] ? }<j 



{[n-m -!],},<!) 



Proof of Proposition [47141 We prove this proposition (1). The left-hand side factorization forms 



[mi+m 2 ,m 3 ] 



A(4;5,3) 
m\+m 2 +m 3 



—[ mi ,m 2 ] 

A (5;i,2) 



1 a ["ti+ra 2 ,m3] _ y-(mi+ffl2,m 3 ) 



j,(4;5,3) 



L i,(5,3) 



„(m 3 ,m 1 +m 2 + m 3. m l+ m 2) 
(3,4,5) 



m 1 +m 2 
I E 



j^i i[mi,flu| y(«ii,m 2 )\ 

A j,(5il,2)' X J.5 ^i,(l,2) J (mi , m2 , mi + m2) - 



Since the potential of this factorization does not include the variables of X,™ 1+m2 ' and 



"(5) 



(xi, 



X 



(mi,m 2 ) 

1,(1,2) '""* j Jj mi+m2,5 



(mi,m 2 ) 



(n»l) x ("i 2 ) x (™» 3 ) x ("»l+™ 2 +™ 3 ) ^_jq^ ^°*'(5) 



/■w-(mi+m 2 )\ 

Then, the matrix factorization 



m 1+ m 2 ,(l,2)/l (X(1) ,. (2) ,. (3) ,„ (4) 

(mi+m 2 ) 



is a regular sequence, we can apply Corollary 1 2 .481 to the variables of 
is isomorphic to 

mi+ ra 2+m3 Iff A [ m l+ m 2i TO 3] . „ _y(m, 1 +m 2 ,m 3 )\ 

j=l V J,(4;5,3) > X 3A A 3,(5 ! 3) j B N,m,, ms , B i+» 4 +» s ,»i+». J ) 



n>V'"l ,<" 2 ,'«3 ^"t 2 ^"t 3 , "ii -t-™ 2 j / / _ ,m 2 ) 
""•(1,2,3,4,5) l^p^ 



-X 



(mi,m 2 ) 
mi +m 2 i( 1 > 



t , -1 , r> (mi,m 2 ,m3,mi+m 2 +m3,mi+m 2 ) / / \r(mi,m 2 ) v (mi,m 2 ) \ ,1 , 

In the quotient #^2,3,4,5) / X^i.s _ ^1,(1,2) >"" > j: '»i+'"2,5 ~ V+m 2 ,{i,2)/ > thc P olvn °- 

mial J5^j™ 1 + m2 ' m3 ) equals xj™ 1 ^'™ 3 ^. Then, thc polynomial A^™^^ 2 '" 1 equals to 



F„ 



mi+TO 2 +m3 v" ■ ' j j — 1,(1,2,3) ' J> 4 ' x J + l,4i ' ' ' 7 - r mi+m 2 +m 3 (■ ' ' , A j_i p 2 3) ' j (1,2,3) ' J+l,4i ' ' ' / 



(m 1 ,m 2 ,m 3 ) Y (m 1 ,m 2 ,m 3 ) 



Xj 4 — X 



(mi,m 2 ,m 3 ) 
3,(1,2,3) 



We denote this polynomial by Afe'™|£? 3 '. Since we find that 



i? 



(mi ,m 2 ,m 3 ,mi+m 2 -(-m 3 ,mi+m 2 ) 
(1,2,3,4,5) 



; / _ y(mi,m2) 

/ {3<1,5 ^1,(1,2) >'*' T X m 1 +m 2 ,5 



X 



(mi,m 2 ) 
mi+™2,(l,2) 



1? 



(mi ,m2,m3,mi+m2+m3) 
(1,2,3,4) 



36 



YASUYOSHI YONEZAWA 



as a Z-graded R^™l'™^ m3 ' mi+m2+m3 -module, the matrix factorization is isomorphic to 



(1,2,3,4) 

m-i -\-m,2+rn-? / r , 
™ 3 A -/ A [mi,m 2 ,m 3 ]. 



3=1 



(mi,m 2 ,m 3 ) 



-j,(4;l,2,3) "i X 3'A j,(l,2,3) 

The right-hand side factorization forms 

(6;2,3) 



-,(7711,7712^3,7711+7712+^3) 



-r-[mi,m 2 +m3] -r-[m 2 ,m 3 ] 
A (4;l,6) 
mi+m 2 +m 3 



3=1 



K 



( * I m i," 

V 3,(4;i 



ra 2 +m 3 ] _ 



6) "i X jA ^,(1.6) 



(mi,m2+m3) 



? (t77! ,7711+7712+7713,7712 + 7773) 



7TL2 +m3 



3=1 



A' A 



[m2,m 3 ] 



S',(6;2,3)i X 3,6 X j,(2,3) ' J R (m 2 ,m 3 ,m 2 +m 3 ) 

-"■(2,3,6) 



(m 2 ,m 3 )\ 



Since the potential of this matrix factorization does not include the variables of X m2 +m 3 ,6 & n d 

i 2 ,2,Xi 3 , 3l x mi+m2 + m3 ,4)=(0) = (X m2+m3i6 ) 



/„ _ y(ro 2 ,m 3 ) _ y(m2,m 3 ) 

^1,6 1,(2,3) ' ' ' ' ' ■ L m 2 +m 3 ,6 yv m 2 +m 3 ,(2,3) / 1 P»i ,ij 



is a regular sequence in ^(™i'™|'™3' rra i+™ 2 +" l3 ' m2 + m3 ) j we can apply Corollary 12.481 to these variables. We 
similarly obtain the result that the matrix factorization is isomorphic to 



mi+m 2 +m 3 



K 



( A I m i," 
V 3,(4;1 



1712,™,%] t \r(mi,m2,m3) 

Xj 4 



3 -=l \ 3,^^,2,3) ' X 3,4 '-3,(1,2, 

We similarly prove this proposition (2). 
Proof of Proposition [47151 (1) We have 



-,(771! ,771 2 , 77l 3 ,77l 1 +77l 2 +77l 3 ) " 



□ 



3=1 



K L 



J j,(l;2)' X 3A X 3,1) ( ra , 



i = £ \R$,R${2j 1 - n},L;™i ;2) | Xm , 2=Xm , 1 ,( 

9F TO (X mi i) 



The polynomial ^■ ! ( 1 . 2 )|x m , 2 =X m ,i is 

F m (- ■ ■ , Xj-l t 2, Xj,l, aJj+1,1) • • • ) — F m (- • • , Xj-i y 2, Xj£, ^j+1,1) • • • ) 



9a; 



^3,1 



^3,1 _ ^3,2 

Hence, we apply Theorem 12. 461 to these polynomials of the matrix factorization after using Proposition ^. 301 and 

[233 



K L 



y J j,(l;2y X 3A X 3> 2 ) R (m,m) 

(1,2) 



X,ti,2=X„ 



,(m) p(m)j 1 1 o 1 n ^"i(Xm,l) \ 

3 -=i v c (i) ,jft (i) 




i?^,i?^{n+l- 2j },0 
( J F m (x mil ), 0,0,0) {-ran + ra 2 } (m) 



{—mn + m 2 } (m) 



3,(3,4) y „( 



(1,3,4) 



-"(2,3,4) 



The potential of this matrix factorization does not include the variables of x|^\ X^ 2 - 1 and we find that the 
following sequence is regular: 



(mi,m 2 ) 



x\ 2, — , X 



(m 1 ,m 2 ) 



•£7713,2) 



(X™ 3 ,i,X m3 , 2 )=(0) 



(roi,m 2 ) 



,(3,4) J/J -,^' ' v m 3 ,(3,4) 

Therefore, we can apply Corollary 12.481 to the matrix factorization. Then, we have 

m 3 / 
M K{ 
3=1 V 



X 



(m 1 ,m 2 )\ 



(3,4) ' — >'-m 3 ,(3,4) 



A [mi,m 2 ] 

^■7,(1,3,4) ' X 3A X 3,2y (m3 , m3 , mi , m2) / (mi , m2 ) 

-n-/, 2,3,4) /\^ v l,(3,4) x l-- 



{-TOim 2 } . 



13, (3,4) 



QUANTUM (sl n , AV„) LINK INVARIANT AND MATRIX FACTORIZATIONS 

,m 3 ,7 
L (l, 2,3,4) 



In the quotient R^^ mum2} / ( X[™_ '^ 2) ~ %i,2, X^J™$ -x m3t2 ), the polynomial A^!™|j is equal to 



- [mj] 
J i,(i;2)- 



,\ 3 L. We find that the quotient R%*™C / \ x i,(a 



/ \ A 1,(3,4) Xl , 2 ' ^m 3 ,(3,4) 

(m 3 ,m 3 ,mi,m2) y / y(mi,m2) 
(1,2,3,4) 



^1,2, 



(mi,m 2 ) \ r 1 . 

(3,4) ~ x m 3 ,2 ) \ Ttl\Tn>2 \ IS 1S0- 



(m 3 ,m 3 ) 



morphic to 2 ^ 
(3) We have 
/ 



1713 

j n i 



Z-graded i? ( ( ™ 3 j™ 3) -module. Thus, we obtain the isomorphism of (2). 




;=1 ^( A ,,(3;2,4) . " ^",(2,4) )fl ™| -3-2) B ^ 



i,(l,4;3) > ^3,(1,4) 



*i,3)p(mi,m 3 .">a) {-mim 2 }. 



The potential of this matrix factorization does not include the variables of xj^J 3 '', X^? and we find that the 
following sequence is regular: 



/y{mi,nu) y-(mi,m 2 ) s 

^1,(1,4) ^1.3) •••!^-m 3 ,(l,4) x "i3,3j 



(x'"M ) i x' m ' ')=(0) — (^l- 4 2"1>3) •••) ■"ma,4 ^2,3! ^iri2 + l,3j ■ 



Cm 3 ,3j 



is regular. Therefore, we can apply Corollary 12.481 to the matrix factorization. Then we have 



3,(3;2,4)'^j,(l,4) 3,(2,4) 'j$$ , ;2 ) ,m »' ma 7(*i! 



3=1 

ma 

^-^^(S^^) >^j,(l,4) ~ ^3,(2,4) ^J 12 



(1,4) 



™ 3 ,<1,4) 



{-mim 2 } 



)7/i[™i.™2l , y(mi,mj) v (mi,m 2 )\ r -i 



where 



A 



[mi,m 2 ] 
3",(3;2,4) 



^^3^1,(2,4) ' ^"-1,(2,4)' ^i,(l,4) ' A m 3l (l,4) / ~~ 1^1,(2,4) ' "''^,(2,4) > ^'+1,(1,4) > •"'^m 3j (l,4) 

y(mi,m 2 ) _ v(mi,m 2 ) 
^S',(l,4) J,(2,4) 

-X^™ 1 *™ 2 ' — X..™ 1 '™ is a polynomial with Z-grading 2j of 



r(mi,m2) 



r(mi ,TT12) 



r(mi,m2) > 



'(mi,m2) 



r(mi,m2) y (mi,m2) 



r(mi,m2) 



3,(1,4) 



3,(2,4) 



- Xi )2 ) + (£2,1 ~ £2,2) + ■•• + (x mi ,l - a?mi,2))(l + Xi )4 + ^2,4 + •■■ + ^2,4)- 

^V™4?) can be described as 
mi (2 4))- Applying Proposition 12.391 to the matrix 



Then, the polynomials (Xj^™^ ~ x ^+7,(2,4)' -> ^m^4) ~ X ^(™Z)) can be described as the linear sum 



r(mi,m 2 ) _ y-(mi,r7i 2 ) 
,(1,4) ^1,(2,4) '—'^7711,(1,4) 

factorization (|2"l"T) . it is isomorphic to 



of the polynomials (Xj" 1 '™' — X 



j(mi,nn) _ j^(mi,m2)i 



(8) 



IE - ^•, 2 ) R (m 1 ,m 1 ,m 2 ) 

7 = 1 "(1,3,4) 

E fc= f +1 («&^ 1 ' raa) ) -R ( t 2 1 ; 4 7' m2) {2fe - n - 1}, A^J, 0) {-m im2 } 



We find that the following sequence is regular: 



, l [mi, ma] 

v mi+l,(3;2,4)' 



A [mi,m 2 ] \ 
J Sn 3 ,(3;2,4)J 



( x[-' iX ( aT ) )=(fi) = ((-i) mi (« + mtztw ■••> (-ir- 1 ^ + i)4;T-L 3 , (4) )- 



The potential of the factorization (|5| docs not include the variables of X^ 2 - 1 . Then, the partial factorization of 



(rai,rai,mj) p(mi,mi,m 2 ) 



5, fc=roi+lv"'(l,2,4) 

j(mi,m 
(1,2,4) 



{2fc — n — 1}, A^™*'™ 2 ^, 0) {— mim 2 }, is isomorphic to 
••>^;i-L(4))' '°'°)i E 2fe-n-l {-rmmjJS). 



D (mi,mi,m 2 ) // v (—m 3 ) 



(1,2,4) 
m 3 ) 

mi, (4) ' 



l.mi+1 
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As a factorization of Z-gradcd R 



(mi, mi) 
(1,2) 



modules, this is isomorphic to 



R 



(mi, mi) 
(1,2) 



n — mi 
m 2 



,0,0,0 (m 2 >. 



By Theorem 12 .431 the other partial matrix factorization of 

( ® \ 

C 



j'=i 



A(*; -ij,2) B (m b mi,m ! ), is isomorphic to 



(1,2,4) 



V 

Hence, we obtain the isomorphism of (3). 
Proof of Proposition [47l6l (l)We have 

( ® \ 

© 



(i?;^, 0,0,0). 



/ 



□ 




1,(1,6) ^l, 5 



{-1}MK 



2,(1,6;5) / \^ v 2,(l,6) 



X2,5 



[1,1] 
1,(5;3,8) 



[1,1] 
2,(5;3,8) 



Xl,5 



2^2,5 



A 
X. 



(1,1) 

1, (3,8) 

(1,1) 

2, (3,8) 



. [l,m-l] 

m,(2;6,7) 



y (l,m-l) \\ 
1,(6,7) > > 



// T/ [l,m-l] \ / y (m-1,1) \\ 
(/ y i,(8,7;4) \ / X l,(7,8) - S M W 



A 



_ v-(l,™-l) , , 
2-m,2 m,(6,7) // R (m,l,m-i) 

(2,6,7) 



I T/[1,™-1] 

\\ %n,(8,7;4) / 



(m-1,1) 



{-m+1}. 



\ m,(7,8) ^V 4 // fi (m,m-l 



/ / AIM \ / *2.6 - \ \ 



We apply Corollary [238] to the matrix factorization. Then we obtain 

,[1,1] 

2,(5;3,8) 
.[l.m-1] 
1 m,(2;6,7) 
r[l,m-l] 



(9) 



A 



1,(8,7;4) 



where Q\ = R 



(l,m,l,m, 2,1, m-1,1) 
(1,2,3,4,5,6,7,8) 



r[l,m-l] 
(8,7;4) 

-(1,1) 



£m,2 — X 



(1,1) 
2,(3,8) 

(l,m-l) 
m,(6,7) 



Y (m-l,l) 
^1,(7,8) ^l, 4 



{-m}, 



. . y-^.iH-ij I . ( m _H) 

\ \ V m,(8,7;4) / \ ^,( 7 , 8 ) ~ »m,4 / / 



X 



1,(1,6) 



v-(l.l) 

£l,5, A 2 , (1,6) ~ x 2,5> x l,5 



X 



(1,1) 



a;i, 2 - A 



In the quotient, there are the following equations 



(l,m-l) 
1,(6,7) 



A 



1,(3,8)' 

(l,m-l) 
m,(6,7) 



y(l,l) _ y(i,i) - y-(i,-i,i) 

Xl > 5 ~ A l,(l,6)> X 2,5 — ^2,(1,6)' Xl > 8 ~ 1,(1,3,6)' 

x k,7 = xfy~ 6 y (k = 1,2, ■ • ■ ,m - 1). 

Therefore, Q\ is isomorphic to -R^'^ 1 ^) as a Z-graded ic*'™^) -module. That is, the variables £1,5, 2:2,5, 
lis and Xk 7 can be removed from the quotient Qi using the above equations. Then, the matrix factorization 
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:59 



is isomorphic to 



K 



A 



A 



2,(5;3,8) 
[1,to-1] 



m,(2;6,7) 



[1,777-1] 



1,(8,7;4) 



[l,m-i\ 



V 



2,(8,7;4) 



[l,m— 1] 
m-l,(8,7;4) 



r 



[1,-m-l] 



m,(8,7;4) 



/ 



L l,(l,3)' 

X 



2:1,3) 



(m,-l) 



,(2,6) 

xi,i + a;i,2 - 251,3 - £1,4 



v (l -1) 

^1,(1,3)^1,(2,6) + x 2,2 



^2,4 



-1) 



1,(1,3) 777-2, (2, 6) 



~t~ ^m— 1,2 25y; 



x| 1 ;-\ ) x ( 



-i) 



1,(1,3) m-l, (2, 6) 



Moreover, by Theorem 12.461 we obtain 



K 



2,(5;3,8) 
[1,to-1] 



l,(8,7;4) 



V, 



[l,m-l] 



2,(8,7;4) 



i i T/ [l,m-l] 

\\ V m,(8,7;A) / \ A l,(l,3) m-l, (2,6) ~T ^,1 ^m,4 / / (i, ra ,i 



(1,-1) 



{— m} 



,(2,6) 



T" 3^m,2 *^m,4 y y „(1-,ti,i 



L l.(l,3) 25l,3) 

2:1,1 + £i,2 - ari j3 - xi A 

A 1,(1,3) A 1,(2,6) +a; 2,2 -352,4 



-(1,-1) y(m-l) 



{-to}, 



A^ 



where A 



[i,i] 

2,(5;3,8) 



A 



[i,i] 

2,(5;3,8) 



and V- 



r. 



1 in the quotient ^(I'^^es) 



i,(8,7;4) 



nomials ife are described as 



^^(2,6)) ■ Since thc p ol y _ 



X 



(m,-l) 
fc,(2,6) 



= -^-1,(2,3,6) (^1,6 " X h3) + X k m (2,V ( fc = !> -■' TO - 



the above matrix factorization is isomorphic to 

J1 2,(5;3,i 3; — ~- 

r[l,m-l] 



A" 



Em y-(m, — 1,— 1) Tr[l,m— 1] \ 
fc=2 "^-fc- 1,(2,3,6) K fe,(8,7;4) 



r, 



1,(8,7;4) 



[l,m-l] 



vv 



2,(8,7;4) 



T/[l,m-l] 
^m,(8,7;4) 



A l,(l,3) ^i' 6 ~ Xl ,3j 

2:1,1 + 2:1,2 - 2:1,3 - 2:1,4 

v(l,-l) v( m ,-l) 1 

A 1,(1,3) A 1,(2,3) + X 2,2 -2:2,4 



/ \ ^1,(1,3) 7n-l, (2,3) + Xm < 2 -Am,4 // 



{-m}. 



,(l,m,l,m,l) 



A 



Applying Corollarv l2.44l (2) to this matrix factorization, we find that there are polynomials ak £ ^[i'™^™'' 



1, • ■ • to) and a £ #[1^3X5) 



(m -1)\ 
1,(2,6)/ 



such that 00(2:1,6— 2:1,3) = oei! 



(l,m,l,m) 



-,(1,771,1,771,1) 



(1,2,3,4) ( m °d -^(1, 2,3,4,6) 



(k = 

(m-l) 
m,(2,6) 



and we have an isomorphism between the above matrix factorization and thc following matrix factorization 



(10) 



K 



CM 

C/ 2 



^Wl,3) (2:1,6 — 25l,3) 
251,1 + 2;i, 2 - Xi, 3 - 331,4 
v-(l.-l) v(.m,-l) . 
A 1,(1,3) A 1,(2,3) +2:2,2-3:2,4 



1 vr(l } — 1) -y(rn. — 1) 
\\ a m ) \ A l,(l, 3 ) A m-l,(2,3) + X ™> 2 - 2:m,4 // 



{-m}. 



,l,m,l) 

3,4,6) /\ A m,&,e)/ 
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We choose a decompositions of R^'™^'^^ I ^^T^es) } to ^ e 



D D (l,m,l,m) / \ D (l.m,l,m) „ / \ D (l,m,l,m) m~2 / \ D (l,m,l,m) 

i?l ~ ^(1,2,3,4) ® ' :Cl ' 6 ~~ ^l-s)^!, 2.3,4) ® ^1,6(^1,6 - ^l^J-R^^,^) ® ' " ' ® x l,6 \ X hB ~ X h3) R (l,2,3,*) > 
? (l,ro,l,ro) ffi R (l,m,l,m) 2 R (l,m,l,m) ffi . . rp, D(l»'",l,m) 
L (l,2,3,4) w J ' 1 > 6 - n '(l,2,3,4) w A l, 6^(1, 2,3,4) W W 1,6 ^(l, 2,3,4) ' 



Then, the partial factorization K(clq; X^ 1 ^ 3) (£1,6 — xi,3)) i? (i, m ,i,m,i) //x (m ' _1) \ °^ i s isomorphic to 



(i? 1 ,i? 2 {3-n},/ ,/ 1 ). 



where 



/o = 



Om-i E m ^i{a) 
a 



y(m-X,-l,-l) 
rn-1, (2,3,6) 



O m -l 



vfm- 1, — 1) / 

= X m,(2,3) W.l ~ Sl.a) 

I £ m _i(ii,i - xi, 3 ) *o,„_i 



Ef-(f) is the fc x fc diagonal matrix of / and is the zero low vector with length m. Remark that — ^ m _ 1 °_ 1 

^1-1,(2,3,6) 

naturally become a polynomial of R^'™^^ m the quotient R^'™'^^^ / \ -^ro"(2 6)} ^ ne structure of matrix 
factorization. This polynomial — in ^[i'™^™^ is denoted by b. 

-^171-1,(2,3,6) 

Hence, the partial matrix factorization splits into the following direct sum 



m— 1 
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The other partial factorization of (|10[) consists of polynomials which do not include variable x\^. Thus, using 
Theorem l2.431 the factorization (JXOj) is isomorphic to 



"1 

a 2 



I 



X 



L l,(l,3) 

£l,l + %1,2 - £l,3 ~ Xl,4 
v (l,l) v-(m-l,-l) . 
A 1,(1,3) A 1,(2,3) +X 2,2 -X2A 



■ Y (l,l) „( ra -l,-l) 

\ ^1,(1,3)^*1-1,(2,3) + x ™,2 ^171,4 / / (i, m ,i, m ) 



{2i - to} 



©^ 



a.2 



V b ) 



( X lt i + Xi t 2 - £1,3 - ^1,4 

jr(l,l) Y (m-1-1) 
A 1,(1,3) A 1,(2,3) + £2,2" £2,4 



(1,2,3,4) 



r (l,l) r (m-l,-l) _ 
^1,(1,3)^^-1,(2,3) " r ' t ' TO ' 2 • hm ' 4 



\ 



x (l,l) x (m-l,-l) 



{-to} 



'1,(1,3)^ m, (2, 3) 



rn — 1 



/ / i rn v(m—l, — l) \ 
/ / ° + Ei = l ^-1,(2,3) °' \ 



ffi* 



"1 



vv 



/ 



£1,1 - £1,3 
£l,2 - £1,4 



(l,m,l,m) 
(1,2,3,4) 



V £m,2 - £m,4 / / 

I ( ELY aki-xi,^- 1 \ ( 4d 



L (l,2,3,4) 

(l,m) 



fc=2 Ofc(~£i, 



a m — £l,3<Im+l 
6 



(l,m) _ „ 

1,(3,4) 

y(l,m) _ -j^(l,m) 
2,(1,2) 2,(3,4) 



{2i - to} 



{-to}. 



(l,m) 
m,(l,2) 



v * 



(l,m) 
ro+l,(l,2) 



A' 
A 



(l,m) 
"i,(3,4) 
(l,m) 
m+l,(3,4) 



? (l,m,l,m) 
(1,2,3,4) 



Using Theorem 12.431 we find the above matrix factorization is isomorphic to 




{[TO - l]g}g 
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(2) We have 



! ® 



m+1 



-© 



rn+1 



1" 



V 



/ A l, 6;1,5) \ 



K 



Jn 



\\ to+1,(6;1,5) / y^m+l.e A n+ i,(i,5) // fl (i,m,m+i) 



I if 



/ V l, (3,5:8) \ 

\ >r[l,m] / 
\\ %7i+l,(3,5;8) / \ 



/ A l,(3,5) _ ^1.8 \\ 



{—to} 



Y( 1 » m ) _ ™ if 
777+1,(3,5) x m+l,8 // H (i,m,m+i 



\\ r m+l,(7,2;6) / 



(m,l) 



V m+l'(2,7) x m+l,6 ) j ( m ,m+l 



I \ A [1 ' mI / 

\V\n+l,(8;7,4) ' 



(m,l) 



We apply Corollary [238] to this matrix factorization. Then we obtain 



a[i,™] \ 

1,(6;1,5) 



(11) 



K 



A 



[l,m] 

m+l,(6;l,5) 



V \ %+l,(3,5;8) / 



Xlfi 



X 



(l,m) 
1,(1,5) 



- y (l,™) 
J-m+1,6 ^771+1,(1,5) 



V X m+l'(3,5) ~ X m+l,S J J 



(l,m) 



{-2to}, 



i ^-i 7-,fl,m,l,m,m,m+l,l,m+l) 

where Q 2 = i? (1 , 2 , 3 .4, 5 ,6,7,8) 

In the quotient, we have equations 



.(l, 



X i,(3,5) ~ Xl >» 

(to, 1) 
1,(2,7) 

1,(4,7)' ' ' ' ' Xm+1,8 



■A wn -?N — ^1,6, ) -"- m -H .("2.71 _ •'■'777+1,6, 
.(m,l) 



to,(1,5) x ™,8j 

(771,1) 

m+l,(2,7) 



Xl.9, 



X 



(777,1) 

1+1,(4,7) 



(12) 





= X 


Xkfi 


= x 


Xk,S 





fc,(3,4,7) 
(m,l) 
fe,(2.7) 

fe,(4,7) 



(fc = 1, ••• , m ), 

(k = 1, ■ • • ,m + 1), 
(fc = 1, ■ • • ,m + 1). 
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Using the equations, we find the factorization (jlip is isomorphic to 



II A U6;1,5) \ I ^1,(2,7) - X l,(l,3,4,7) W 



A 



A 



[l,m] 
ro,(6;l,5) 
[l,m] 

m+l,(6;l,5) 
[l,m 



A 



\ \ %77+l,(3,5;8) / 



y(m,l) _ xr(— l,m,l) 
"m,(2,7) A m,(l,3,4,7) 

^(m,l) _ y (-l,m,l) 
^777+1,(2,7) X M^- m ,(3,4,7) 

V X l,3^1,(3™,7) ~ X i"+l|(4,7) J J 



{-2m}, 



A" 



/ A l,(6;l,5) + X 1.7 A 2,(6;1,5) \ 



A I 1 ." 1 ! I _ A I 1 ," 1 ] 

m,(6;l,5) "•" Xl > 7J m+l,(6;l,5) 



A 



m+l,(6;X,S) 



V 



[l,m] 



/ ^1,2 - A l, (1,3,4) \ \ 



-A 



(1,-1, m) 



m+l,(3,5;S 



£777,2 (1,3,4) 
/ \ v (— l,m) 

(2:1,7-3:1,1)^,(3,4) 

v (^-^r^i^S yy 



{-2m}. 



By Eq. (|12p in the quotient Q 2 , the polynomial A^'™^ ^ g , can be described by 



(13) A£™] (6;1 



(l,m) v ( 1 ' m ) ™ _ F fyf 1 '™) Y-(l,™) v (l,m) ^ 

1,6; ^ m+H ^1,(1,5)' " ' ' m, (1,5)' m+l, (1,5V 



Fm+1 (-^1,(1,5)) ' ' ' ) ^777,(1,5)' Xm 



5) 



/ y (l,m) y 



_ y (l,m) 
X,„+l,6 ^777+1,(1,5) 



Co( x l,7 + ari.l - £1,3 + X 1A ) n m + 
n-m , ra-m-1 , , 

C 0' l l,7 I ' 1J<1 7 I ' 77 — 777! 



(mod Q 2 ) 



where cq £ Q and £ ^n'^'i) = 1, - ■ ■ ,n — m). Using Theorem 12.461 we have 



// A l,(6;l,5) +!Z; l,7 A 2,(6 ; l,5) \ / ^ 2 ^MW) 



A 



A 



a[1,H 

X l,7 A m+l,(6;l,5) 



m,(6;l,5) 

/ \ v(— l,m) 

K7- ^l,lM™.f3.4) 

[1 



777,(3,4) 

m+l,(3,5;8) 

/ / a[1,"»] , ,a[1.H \ 
/ A l,(6;l,5) + X 1,7 A 2,(6;1,5) \ 



A 



a! 1 ," 1 ! 1 _ a! 1 .™] 

m,(6;l,5) "r X1 > 7J m+l,(6;l,5) 



v 



[1. 



ro+l,(3,5;8) 



£m,2 - A 



(l,-l,m) 

771,(1,3,4) 



A 



[1,777] 



{-2m}{2ra+ 1 - 71} (1) 



TTi+l, (6;1, 5) 

V K 3 - *i,t)x<-$» J J 
/ _ Y (l, -1,777) \ \ 

/ X l,2 - A l, (1,3,4) \ \ 



^777,2 ^771,(1,3,4) 



(1,-1,777.) 

1,3,4) 
(-1,777) 



V (£1,3 - £i,7)^ m (3 4) y y Q2/a[1 ,h 



{l-n}(l) 



Applying Corollary 12.441 to this factorization, there are polynomials bu £ ^[i'™^!) = I, - '' , m ) an d 60 £ 
Qa/A^'^ 5 -j such that i>o(£i,3 — £1,7) = B\ £ i?^'^ 1 ^ (mod Qa/A^'^ /g.j and we have an isomorphism 
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between the above factorization and the following factorization 

r (,l-i,m 

L l, (1,3,4) 



(14) 



K 



I'm 

V b J 



Xm,2 - X 



(1,-1, m) 
m,(l,3,4) 
(-l,m) 



{1-n} (1) 



V (^3-^l,7)^ m , ( 3,4) // 0a/A [i 



+ 1,(6;1,5) 



We choose decompositions of Qij A 



m+l,(6;l,5) 



to be 



i?s :— i? 



(i,2,3,4) ® V 3 -!^ - ^l^J-K^'a,^) '©•••© a;i )7 (2:1,3 - zi^)-"^,;? 



? (l,m,l,m) 



n— m— 2 / 



■>(l,m,l,m) 



i?4 



J-)( 1 ,?71, 1 ,??!,) 

""(1, 2,3,4) W x l, 7^(1, 2,3,4) * " ' * ^1,7 



^(l,m,l,m) 



?i— m-2 jj>(l,m,l,ra) 



(1,2,3,4) 



/3i? 



(l,m,l,m) 
(1,2,3,4) ' 



where (3 = £ fc=0 



n—m — l n—m—i — k 



CqXi 3 + J2i=i ^13'^ )• Then, we consider the partial matrix factorization of 



(O K(b ; (2=1,3 - 2; i,7)^.( 1 3™ ) ) )q 2/a [i,h i b • This is isomorphic to 



where 



.90 



5i 



(i?3,i? 4 {3 - n},g ,gi) , 
1 E n - m -i(Bi 



J n—m 
bo 




On—m—1 

On—m—1 

»-™-lV^ 1 » n ,(3,4) 



v £/ ™-™-H^ m . ( -3.4W 
&0 ._ . , . . , n . r>(l,ro,l,-m) 



Remark that — is a polynomial, denoted by B2, in 2 3 4) 



Qn—m—l 
and we have 



/3(xi, 3 - 2:1,7) 



c oa ;™3 m +r 1 x™3 m - 1 + 
S3. 



(mod Qa/Aj;™ , 6 , 5) ) 



+ 1,(6;1,5V 



Therefore, the partial factorization has a direct decomposition 

^ (Bi;X^) R( ^ lm) {[n~m- l] q } q {n - m} 

0A'(i? 2 ;. 

Then, the factorization (fT4]) is isomorphic to 



(1,2,3,4) 

^3 A m,(3,4)J fl (l, m .l, m) 



(15) 



K 



(16) 



By J 



\ 



,(l,-l,m) 
L m, (1,3,4) 

y(-l,m) 
m,(3,4) 



{[n -m- !],},{! -m} (1) 



/ 



y(l -l,n») \ \ 
• T l,2 - A l, (1,3,4) » » 



X m ,2 - A", 



(1,-1, m) 
m, (1,3,4) 



{1 -»}(!)• 



"•(1,2,3,4) 
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Applying Theorem 12.431 to the partial factorization (p~5|) . we have a factorization 



{[m-n -!],},(!> 




To show an isomorphism between the partial factorization (|16)) and 



we calculate a specific form of B 3 and B 3 X^ n ^"ly First, we have 



B, 



n-m , „ n-m-1 , i 
c a; i 3 T 3 T • T "n- 



-Eos J13l l 



In the quotient Q2, we have X 



have 
B 3 : 



(l,m) 
fc,(l,5) 



(CO^i.7 1 '1*^1 7 "r '*' ~r '77—777 J £1,7=21,3 

+1,(6;1,5) 1*1, T=*i, 3 ( m °d Q-l). 

X k]li% ( k = 1 5 m + X ) and ^+1,6 = ^m+1 



*1,7=*1,3 



m+l,(2,3)' 



Then, we 



A 



I 

1+1,(6:1,5) |*i,7=xi, 3 



-Fr)i+l(A^ 1 



(l,m) 
(1,4)' 



A 



(l,m) y(m,l) \ p fyH.mj 
(l,4)'^m+l.(2,3)/ r ™+H^-l,(l,4)' 



A 



(1. 



,A 



(I.771) 



(1,4)' ^777+1,(1,4) 



y(™,l) _ y(l,"i) 
771+1,(2,3) 777+1,(1,4) 

77. /y(l,m) y-(l.ni) y(l,-l,m)\ p , y(l,m) y(l,m) y(l,m) \ 

^+1^1,(1,4)! • ■ ' '^m^lAY X > 3 m,{l,3,A)> ra+1 V* 1,(1,4) '" ' ' ^m,(l,4)' ^ro+l,(l,4) ) 



y(l, m ) ^, yl 1 -^'"M _ p fyli.mj 
f| "+ 1 i A l,(l,4)'"' ' ^ro, (1,4)' Xl ,3"Sn, (1,3,4)/ f m + 1 i A l,(l,4)' " ' ' ^ro,(l,4) ' m+l,(l,4) >_ 

( \ v( — l,m) 

(ai, a - a;i,i)A^ i(3 4) 

J? (y(l, _ li m ) y(l,— _ T? ( \ 

Fl{Xi^) - Fi(xi,i) ^ J ™ 1^1,(1,3,4) '"' ' m^/^Wi'" ,^m,4j 

/ s v( — l,m) 



y(l,-l,m) y 

^1,3^,(1,3,4) - A 



r(l,-l, m) 



(l,m) 

771+1,(1,4) 



(mod (a; m ,2 - A^ 



(1,3,4)/ K (i, m ,i, m) , 



\ v( — l, m ) 

(11,3 - xi,i)A^ (3 4) ; 



(3,4) 



_ , n / \ W fy&rW y(l,-l,™) 

^l(,£l,3j - ^1(21,1) r «\ A l,(l,3,4) '^2,(1,3,4) ' 



■ ,A 



(1,-1, m) 



-i,mn _ j? r y(. x ' _i 
(1,3,4V trcv l,4j 2,(1,3 



(1,-1, m) 
4) ' 



,A 



(1,-1, m) 
m, (1,3,4) 



/ s v ( — l,m) 

{x h3 - x hl )X m (3A) 



(xi,3-^i,i)A mj(3i4) 



P in- y (1, — l, m ) y(l,-l,«i) 
^771 (^1,4, ^2, (1,3,4) '^3,(1,3,4) '"' '^771,(1,3,4) 



) - F m {xi A , X 2 A, X 



3,(1,3,4) ' 



,A 



(1,-1,77!) 
771,(1,3,4) 



-Fm{X\ y 



1 \ v ( — l,m) 

^1,3-^1,1)^777,(3,4) 

y(l,— l,m)\ TT ( \ 

— 1,4; ^ m (13 4)/ ^77l(^-l,4, ) ^777 — 1,4, ^777,4/ 



/ \ v ( — l,m) 

(Sl,3 " Zl,l)-* m ,(3,4) 
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Using the equation X^ 1 '^' - x kA = (£ M - Xi^X^J^'^ ( k = ■■■> TO )> wc nnd 



(-l,m) 



B 3 X. 



(-l,m) -^1(^1,1) - ^1(^1,3) 



(1,-1, TO,) v (l,-l,m) 



to)\ _ p / yli -i/mj 

(1,3,4) '^2,(1,3,4) '"' ' ^777,(1,3,4) ^ ^m^l,4, ^2,(1,3,4) > " '^777,(1,3,4) 



,(1,-1, to) 



X 



(1,-1, m) 



-fml.J-1, 4, ^2, (1,3,4) '^3,(1,3,4) > " i A ra,(l,3,i)i ^ m V^l, 4 ' X2 ,4, ^3,(1,3,4) »" ' ^m,(l,3 



„(1 ,-1,-ro) _ 
^1,(1,3,4) X M 

r(l,-l,m)s 



-(l,-l,m) 



(1,-1, m)s 

4)' 



v (l,-l,m) 
A 2, (1,3,4) _2; 2,4 

1,4 3 j ^m— 1,4) -^772 (1 34)) ^TO (£l,4 , j £777 — 1,4 7 £777, 4 ) (— 1 m) 

.(1,-1, m) ~ 771-1,(3,4) 



(-l,m) 
1,(3,4) 



-^771,(1,3,4) 



Fi(si,i)-Fi(si, 3 ) 



a?i,i - £1,3 

-Fm (£1,2, £2,2, ■ ■ ■ ,x m , 2 ) - F m (xi^,x 2 ,2, • • • ,x m , 2 ) 

F m (xi A , X 2 ,2, £3,2, ■■ ■ , £777, 2) - F m (xi,4,X 2 ,4, £3,2, " ' ,_Xmfi) y(-l,m) 
X2,2~X 2A Al <( 3 > 4 ) 

F m \X\,Ai ' ' ' j X m — 1 : 4, £777,2) — F m (£1,4 1 ' ' ' 1 3*m— l,4j 2»m,4) v-(— l,m) 

<r o — t « "7-1, (3,4) 

£777,2 £777, 4 

/ i / vl,— l,m vl,— l,m 

(mod (a;i, 2 -Aj' n ;J^,...,a: m ,2 — -X^ 



"(1,2,3,4) 



_ r[l] rM r["»] v (-l,m) 



(-!,»") 



1,(1;3) ^1,(2;4) ^2, (2;4)^ 1 1,(3,4) -m,(2;4)^ m-l,(3,4) ' 

Hence using Theorem 12.431 and Proposition ^. 39i the matrix factorization (fT6|) is isomorphic to 



K 



\\ B2 ) 



X m ,2 ~ X 



r [l] _ s-^m T ym\ v (-i,m) i 
\ ^1,(1;3) l^k=l n k,{2;i) k-l,(3,4) / / R (i,m,i,m) 



(1,-1, m) 
in, (1,3, 4) 

[™] -^(-1,™) 



{l-n}(l> 



~ K 



/ / T [TO] \ 

/ / ^1,(2;4) 
r [m] 
2,(2;4) 



to,(2;4) 
V V £1,3 ~ £l,l J 



( 



X\,2 ~ Xl,4 + £l,3 - ^1,1 



£2,2 - £2,4 + (^1,3 - X 1A )X± 



(-l,m) 
(3,4) 



\ v"( — 1>to) 

77i ,2 — £777, 4 + (£l,3 — x l, 1^777,-1,(3,4) 

T [l] _ s -^m r [m] Y (-l,m) 
^1,(1;3) 2^k=l ij fe,(2;4) yS -/c-l,(3,4) 



(I 4t.4) \ / ^-^1,4 \\ 



K 



,(2;4) 



{l-n}(l) 



"(1,2,3,4) 



L [1] 

W ^1,(3;1) / 



V £l,3 - £l,l / / 



"(1,2,3,4) 



CD 



In 



□ 
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We can obtain isomorphisms corresponding to the other MOY relations in [14| by properties in the category 
HMF^T W as a Krull-Schmidt category. 



Corollary 4.17. 



® 



m2 + l 




(® © \ 



r 


mi — 1 


J 




m 2 





Proof of Corollary 14.171 We consider the following matrix factorization 



( ® 



(17) 



m 2 — 1 



Using Proposition ^. 161 (2) and Proposition l4.15l (1). the matrix factorization is isomorphic to 



(18) 



I ® 



1" 



"12 + 1 



1" 



m 2 + l 



Ami 



( ® ® \ 



m-2\ )m 1 —m.2 



® 



i im i 




{[m 2 ~ l]g}q 
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On the other hand, using Proposition ^. 141 Proposition ^. 1 51 ( 1 ) and Proposition ^. 161 (2), the matrix factorization 
(fT7|) is isomorphic to 

(® 



1 






— > 


m 2 -l 


< 


r i i 



(19) 




[mi - l]g 



We have the equation 



[mi - 1] 5 



TTil — 1 

m 2 - 1 



- ["1 2 - 1] 5 



mi 




mi — 1 


m 2 _ 


9 


m 2 



Therefore, Krull-Schmidt property turns the isomorphism between the factorization (|18[) and the factorization 
(Tl9l) into the isomorphism of the corollary. □ 



5. Complexes of matrix factorizations for [1, /c]-crossing and [k, 1]-crossing 

This section includes the author's new result that we define complexes of matrix factorizations for [1, k]- 
crossing and [k, l]-crossing (fc = 1, . . . ,n — 1) and, for tangle diagrams with [1, fc]-crossing and [fc, l]-crossing 
only, we show that there exists an isomorphism in JC b (HMF^T u ) between complexes of matrix factorizations 
for these tangle diagrams in Section 15.11 15.31 15.41 and 15.51 Remark that this construction is a generalization 
of a complex of matrix factorizations for [1, 2] -crossing given by Rozansky [16] . Although we can calculate 
the homological invariant for a given link diagram, it is not easy the calculation of a link diagram with many 
crossings. We calculate the homological invariant for Hopf link with [1, fc]-crossing and [fc, l]-crossing in Section 
1531 







Figure 22. [l,fc]-plus crossing, [l,A:]-minus crossing, [fc, l]-plus crossing and [fc, l]-minus crossing 



The [1, A:]-crossing and [fc, l]-crossing are locally expanded into a linear sum by the normalized MOY calculus 
of the quantum (sl„, AV n ) link invariant as follows, 

<X>. -i-^CH) 
<X>„ - Hf-v-(;H)/H.v^ 

(K>. - (-^v-ch;)/^-^ d& 



QUANTUM (»[„, AV„) LINK INVARIANT AND MATRIX FACTORIZATIONS 



49 



5.1. Definition of complexes for [1, k] -crossing and [k, l]-crossing. First, we consider matrix factoriza- 
tions for colored planar diagrams appearing in the MOY bracket for [k, l]-crossing and [k, l]-crossing, see Figure 



r 

Q 



fk+l 
■A 



fe-: 



FIGURE 23. Colored planar diagrams assigned indexes 



Proposition 5.1. TTie matrix factorization C [ Jt^ 1 I (I < k < n — 1) is isomorphic to the following 

© © 

finite matrix factorization 



<U. l 2.«3.»4) 



\l,k] 



and the matrix factorization C 
factorization 



(1 < k < n — 1) is isomorphic to the following finite matrix 



,[i,fc] 



(fc,-l) 



where S 



[i,k] 

(ii,i 2 ,»3,*4) 



is i/ie matrix factorization 



1 1 A [ }f ] . . . , \ ( X\) k) . , - xfiV ,\\ 

l,0l,l2,l 3 ,« 4 ) l,(ll,t 2 ) l,(l3,U) \ 



(20) 



K 



A 



A 



[i,k] 



[i,fe] 

fe,(ii ,i 2 ,i3,i 4 ) 



/ 



k,(ii,ia) fe,(< 3 ,<4 



C i 1^2. i 3' i 4) 



= it L± ' K| - (—Xi ■ ) k+1 -3 u ^^ (1 < i < k) 

(ii>»2,»3,*4) J,(ii,i2,i3,u) ^ '* 4 ' fc+l,(ii,»a,»3,»4) — J — li 



u ^(ij,i 2 ,i 3 ,i 4 ) (1 < .7 < ^ + 1) polynomial 



x (k,\) x (i,k) 

,(«3,u) ' ' ' ' ' j— lj(»3j»4)' i,(il,s ; 2)' ' ' ' ' 



x (M) . x (1,fe) 



.(l.fe) 



v-(l.fc) _V"(M) 



Proof. By definition and Corollary 12. 481 we have 



© © 



(21) 



T7[l,fe] „-r-[fc,i] 



(I ' ' ' \ \ ( X^ h \, 

1,(U,«2,«3,U) l,(»l,»a) 



K 



vv 



[l,fc] 

fc+l,(ii,ia,is,*4) 



\ ^fc+l.Cu.ia) 



(M) 

1|(*3,*4) 
(fc,l) 



{-k} 



C«l - i 2> i 3^ 4 ) 
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and 



I/O) 



© © 



(22) 



where a-i = X 



(*1,*5;»3) (»a;»5j»4) 



1,C*1,»2,*3,H) 



A" 



„[l,fc] 

k,(ii ,12,83,84) 

[l,fe] 

\ \ v k+l,(n ) / 



r(-l,fe) 



\ 0fc — a;fe,i 3 / / R ( 1 - k - k - 1 i 



(n,*2>*3>»4) 



(-l,fe) 



,(-l,fe) 



[l,fc] 

j,(ii,i3,*3,i4) 



Ffc(oi,. 



,a;fe,i 2 ) - F k (ai, . . .,aj,Xj + i,i 2 ,. . .,Xk,i 3 ) 



(i<i<*)> 



U J,2 2 



y[l,fc] 

fc+1, (21,2^,23,24) 



^*fc (*^1,^3 ) • • • 5 ^fc— 1,^3 5 ^k) ^k (^1,13 5 ■ ■ ■ ) Xk } i% ) 

bk - XkA 3 



By Proposition O (5), x jM - xf^ u) (j = 1, k) is in the ideal / = <4S 2 ) " ^!u)>i=i....,*- By 



the polynomial x k u ~ X^~; k ' . . > in the ideal I and the equation X^', 1 *' . . > 
Proposition ^. II (2). we have 



xn^rV.+xrrv , of 
^i'i fc, (12,14) 



: (fc,-i) 
L fc, (11,22,44) 



(l,fc) 

fc+l,(ii,i 2 ) 



(fc,l) 

fe+l,(i3,u) 



X\^i 1 Xk 7 i 2 %k,i3 *^1,24 

y(l,fc,-l) 

ZljtZkjz ^k,(i 1 ,i 2 .M) Xl > i 4- 
- a5 l,i4)-X'fc,(i 2 ,i4)- 



(mod /) 



By Theorem 12.391 there exist an isomorphism 



21,22,23,24) 



(23) 

(»l.»2i»3'«4) 

By Proposition [3TT| (2), we have 



from the matrix factorization (1211) to 



-(*.-!) 



C j,i2 -^j 



Xk,i 2 a k — £fc,i 2 ^fc,(u,i 3 ,i 4 ) - 



J,(il,»3,t4)' J — 1 



By Proposition 13.11 (5), we find (i'j.i 2 — X 

(j = 1, ...,fc) in the ideal / and the equation JQ 1 '*' -1 ^ 
(2), we have 



/. By these polynomials Xj 



X 



fc, (11,12,14) 



(fc,-l) 



T^ ■ X y ~ 



(l2,ii) 



X 



(fc.-l) 
fc,(i 2 ,i 4 ) 



(l,fc,-l) 
3,(21,22,24) 



of Proposition 13.11 



bk - xjfe,, 



(-l.fe) 



(Uj'3) 



Xk,' 



(fc-1) 



= X 



(fc-1) 

fc,fe,u) - 



(12,14) 



X 



(i,fc -1) 

A;, (21 ,2 2 ,24) 



(mod J) 



By Proposition ^. 391 and Theorem l2.43l there exists an isomorphism v?2( tl l2 l3 , 4 ) 
" to 



from the matrix factorization 



(24) 



(»l, s 2i»3'*4J 



ri.fc] 



.(fc -1) 



Wc find that there arc two Z-grading preserving morphisms between the matrix factorizations M 



and N 



[i,k] 

(21,22,23, 24)' 



□ 
[l,fc] 

(21122,23,24) 
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Corollary 5.2. There exist the following natural ^-grading preserving morphisms 



(25) 

and 
(26) 



Idg[i,fe] 



Idg[i,ib] 

( i l >*2 '*3'*4) 



l./v] 



(l,a; Ml -xi, i4 ) : A^,^^) 



i,fc] 



(x Ml -xi, iA ,l) : N {l [ l2MM) 



N 



M 



i,k] 

(il ,12,13,14) 
l,fc] 

(ii,i3,isi»4) 



{-1} 



{-I}- 



We define complexes of matrix factorizations corresponding to i-crossings with coloring [1, k] and [k, 1]. 

Definition 5.3. We define complexes of matrix factorization for ^-crossings with coloring [1, k] and [k, 1] as 
follows, 

-k l-k 



where 



^2) 



Jl.fc] 




= 0- 



-k 



& - 1 



1 - k 



[i.«>] 

<: +.(<2.il,<4.*3) lrf [l,)fc] 



fc 




= o- 



■»f[l,fe] 



(il,»3,iS)»4) 

fc - 1 



{1 - fcn} (fc) 



[l.fc] 



l.»2.*3.«4) T-=[l,fe] r , ,, , n 

" M U AMlW < fc > * °' 



Jl.fc] 



(i2,il,-i4,i3){ 1 ~ fen ) ( fc ) 



[1,*] 
A +, (il,i2,i3,i4) 

y [l.fc] 

A -,(*l,*2,»3,«4) 



Id-rll.fc] 

Id^[i,fc] 

Cilji2;*3=»4) 



.(*2.H.*4,i 3 ) Wl.fc] , , , ,, . 
" M (i2,n,i4,i3){ _ M ( fc ) 



(l , iXXjij ^1,«4 ) ? 

(acii! - x M4 , 1). 



5.2. Decomposition of a tangle diagram and a complex for a tangle diagram. We consider a decom- 
position of a colored tangle diagram T into colored crossings and colored planar lines using markings. 

Definition 5.4. A decomposition of a colored tangle diagram T is effective if the decomposition consists of 
colored single crossings only. A decomposition of a colored tangle diagram T is non-effective if the decompo- 
sition consists of colored crossings and not less than one colored line. 



For a tangle diagram with [1, fc]-crossings and [1, fc]-crossings, we define a complex of matrix factorizations as 
follows: We decompose the tangle diagram into [1, fc]-crossings, [1, fc]-crossings and colored lines using markings 
and assign different indexes to the markings and end points. Then, we take tensor product of these complexes of 
matrix factorizations for [1, k] -crossings, [1, /^-crossings and colored lines in the decomposition. In the categories 




Figure 24. Effective decomposition and non-effective decomposition of a tangle diagram 

Kom b (MF 9r ) and IC b (MF 9r ) (resp. Kom b (HMF 9r ) and /C b (HMF 9r )), an object M in MF 9r (resp. HMF 9r ) is 
defined by the following complex 

-1 1 







M 



(J- 



By Lemma T4.13[ it suffices to obtain a complex for a tangle diagram with [1, fc]-crossings and [1, fc]-crossings 
that we consider the effective decomposition of the tangle diagram. 

Definition 5.5. For a colored tangle diagram with [1, k]-crossings and [l,fc]- crossings T, we define a complex 
of matrix factorizations to be tensor product of complexes for [1, fc]- crossings and [l,fc]- crossings of the effective 
decomposition of T. 

5.3. Invariance under Reidemeister moves. 

Theorem 5.6 (In the case fc = 1, Khovanov-Rozansky[S]). We consider tangle diagrams with [1, fc]- crossings 
and [fc, 1]- crossings transforming to each other under colored Reidemeister moves composed of [l,fc]- crossings 
and [k,l]-crossings. Complexes of factorizations for these tangle diagrams are isomorphic in JC b (HMF^ u ) : 




{Ilhik) C 



Proof. The invariance of (7i) is proved by M. Khovanov and L. Rozansky in [5]. The other invariance is proved 
in the following section. □ 



5.4. Proof of invariance under Reidemeister moves Ila and lib. By definition of a complex of tangle dia- 

I ® ® \ / © © 

/A A 



gram in Section r5.2| the complex C 



IV A 

©<3© 



and C 



® © 
i^ 



V 



is the tensor product of these complexes C 



J 



V 



The complex is an object of /C b (HMF 9r (1 hlk) ), where u x = Fi(xf}) + F fc (x|S) 
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^(xgj) - F k (X)2). Then, wc have 



(27) 



-1 



/ ® 

V 




A 



Moo{l} 



Mi 

7*2 



/n 



where 



Moo = MVo ] K «BIM IMI 



(1,2,5,6) 

f[l,fc] 
(1,2,5,6) 



M 01 =MV^ R >KiV [1 "'- 



(6,5,4,3)> 
l,fc] 

(6,5,4,3)' 



Mio 

_® 
M i 



M n {-1}, 



(1,2,5,6) 
(1,2,5,6) 



(6,5,4,3) > 
l,fc] 

(6,5,4,3)' 



/'l 

/i 3 = Mjrfl,*] 



Id ?[1 , fel 81 (jbi,i - 31,6, 1) B Mnrrfi.*] , 

(1,2,5,6) / ™(6,5,4,3) 



lv (l,2,5,6) \ °(6,5,4,3) 



Id-^ii,;,] 

'-' (6,5,4,3) 



(1,^1,6 - ari )3 ) 



A* 4 



Id ? [i,fc] 

(1,2,5,6) 



{x ltl - x lfi , 1) Hid 



A? 



Lemma 5.7. There exist isomorphisms in HMF 

^(1,2,3,4) ■ 



.where 



Moo{l} 
Mio 
Moi 
M n {-1} 



T [i,fc] _-^[i,fc] 

-^(1,2,4,3) — 2,4,3) 



Mf 1 'J 4 ,3){W,} 9 {l}. 

M (l',2,4,3){[ fc + !]«}9) 

-^(1, 2,4,3) {[^ _ I]?}? © -^(1,2,4,3)) 

M[i , ,2,4,3){[fc]j g {-1} ! 



t+l,(l,2,4,3)^"fc,(2,3) ' !El ' 1 I 1 1 3 Jr'J'^J ) ) ' 

suc/i i/iai the matrix forms ofJL x , pZ 2 , A*3 an d ~Pa ^ n ^ e complex \21\ are a (k + 1) x k matrix, a k x k matrix, 
a k x (fc + 1) matrix and a k x k matrix as follows 



Mi 



/'2 



M3 



/'•4 



Sfe_i(Idwi,fe] 



V 



Jw (1,2,4,3) 
Ofc-1 



Sfc_i(Idwi,fe] 



Ofc-l 



Id 



O-i) 

fe,(2,3)""M ^ 
f Ofc_l 

Idjgll.fe] 

Jw (1,2,4,3) 

*Ofc_i 



£*(Id 



a/ 



[i,fe] , 

(1,2,4,3) 
Ofc-1 



B fc _i(Id 



,1/ 



"Ofc 



) 



Id-^[i,fc] 

^(1,2,4,3) 



3 (-X 
l o k -i 



(k-i) 

fc,(2,3) ' 



-1) 



(1,2,4,3) 

where E m (f) is the diagonal matrix of f with the order m and o m is the zero low vector with length m. 
Remark 5.8. We have 

{ ® © ^ 

T [1 ' k] ~ r 

-^(1, 2,4,3) — u 
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Thus, by this Lemma \5.7[ we obtain the following isomorphism in K, b (HMF 



(1,2,3,4) > W1 



) 



f ® ®\ 

X A 



V 



( ® © \ 



In 



\ 



/n 



Proof of Lemma 15.71 By Corollarv l2.48l we have the following direct sum decompositions of Moo{l}, M\q, 
Mqi and Mn{— 1}. Firstly, we have 



M 00 {1} 



£(1,2,5,6) ^^Ktf 1,(1,2,5,6) (^.i ~ Xl ' 6 )'^M2,6))i?<^ 5 fc 6 1 ) ) { _fc + 



ri.fc] 



^(6,5,4,3) ^ #(4+1,(6,5,4,3)! 



(xi,e - Xi t3 )Xi k L l}) R (i,k,k,i){-k}{l} 



S 



[l./v] 



(1,2,4,3) 



L fe,(5,3)^iiJ; 



3A 



(4+1,(6,5,4,3); ( Xl > 6 ~ X 1.3) X £'5~3 1 )) Qi i- 2fc + 2 }> 



where 

Q 1 ~ -""(1,2,3,4,5,6) 

Moreover, using Corollary 12.471 we have 
(28) 



^(l,fc,l,fc,fc,l) //jjfOUO _ 



L l,(l,2) 



X 



(l,fc) 



1,(5,6)' ' ' ' ' ^fc,(l,2) 



X 



(M) \ 

fc,(5,6) / 



[!.*] M ( Ihk] I \ v(k,-l)\ 

(1,2,4,3) ^ K [ U k+1, (6,5,4,3)5 ~ ^1,3)^(53) J „ / /Y (*.-D N 



{-2fc + 2}. 



In the quotient Q\ (X^L 1)) , we have the following equalities 



fc,(2,6)' 

/ s v (fc,-l) 

(Xl,6 - 11,3)^,(5,3) 
"fc+1, (6,5,4,3) 

Then, the matrix factorization (j28|) equals to 



(29) 



Tf[l,fc] 



Si 



(1,2,4,3) ^ # (^+1,(1,2,4,3); ~~ Xl .3)^(2,3) L /, v Ck,-U s 

\ 7s -fe,(2,6) ' 



(x M -Xl^A^jj, 

[l,fe] 
"fc+1, (1,2,4,3)' 



{-2fc + 2}. 



The quotient Qi j (Xj^j 2 j^) is isomorphic as a Z-gradcd ■fi/j'*'^ 1 ^- 



fc,(2,6)< 

l (l,2,3,4) 

l,k] 

*fc+l,(l,2,4,3) 



module to 



R ._ ff (l,fe,l,fe) D(l,fc,l,fc) ffi ffi T fe-2 ff (l,fc,l,fc) ffi y (fe -1,-1) B (l,fc,l,fc) 



,6 -"-(1,2,3,4) 



L fc— 1,(2,3,6) ''(1,2,3,4) ' 



Since the polynomials u^^j (] 24 ^ and (:ci,i — X\^)X^L ]). do not include the variables of x|g? and xjij, then 



the partial matrix factorization K (4+a (1243)' ( x i.i ~~ Xl ^) X kh 3)) / c* - 1 ) {~2fc + 2} is isomorphic to 



i?i{-2fc + 2} 



^"V^jfe + i, (1,2,4,3)' 



i?i{3-?i} 



B fc ((a:i,i-xi,3)Jfi 



i?l{-2fc + 2} 



(30) 



k-1 

e 



A" 



(4+1,(1,2,4,3)! ~ Xl >^ X l%3) R W,k) ( 2i - 2fc + 2} 



(1,2,3,4) 



Thus, the matrix factorization (|29|) is isomorphic to 
(31) 
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Secondly, we have 

M W = ^(1,2,5,6) E ^(Mfc+i fl 2 5 ev (^1,1 - a;i, 6 )X^'"gh jR (i, fe , fe ,i ) {-fc} 

' * ' ' ' J ' * ' J (1,2,5,6) 

^(6,6,4,3) & ^("£3,(6,6,4,3)! ( Xl < 6 " ^^^^^^^^ ^ fc ^ 

(32) - * K Ki ] , (6> 5,4,3); - ^^Og^,-.,.^, { ~ 2fc} - 
In the quotient Qi I '{(2:1,1 — x\ t o)X^^ ^) , we have the following equalities 

(21,6 - Xh3) X k%,l] = ( Xl > 1 ~ Xl ^ X k%,l]' 

U [1M _ [l,fc] 

"fc+1, (6,5,4,3) — fc+1, (1,2,4,3) - 

Then, the matrix factorization (|32p equals to 

(33) Sgg 4)3) X (4 1 -S 1 ,(i, 2 ,4,3 ) ; (*M " ^i^^KOo /„ ^ 2fc >- 

v ' v ''Qi/((si,i-ii,6)^ i( ' 2i6) ') 

The quotient Qi / ((2:1,1 — a;i,6)^ fe ( 2 @) ) * s isomorphic as a Z-graded iJ^ 1 * 3 4) -module to 

K 2 .- ^(1,2,3,4) © ^1,1 - a; l,6j-rt(i i 2,3,4) © ■ ■ ■ © ^1,6 ^1,1 ~ X 1.6J- K (1,2,3,4) © A fc,(3,5) ^(1,2,3,4) ■ 

Then, the factorization A' (4+1 n 2 4 3)1 (zi 1 — x i 3)Xj^! 2 ^ J . {— 2fc} equals to 

i? 2 {-2fc} — r mi - »} — — M ~ 2k} 

("fc+l, (1,2,4,3)) *'fe+H( X l,l- x l,3)^ iit (2,3)) 

fe 

(34) ~ K (u^l (w) ; (x M - ^XSJ) R( ,,,, fc) {2* - 2fc}. 

i=0 "(1,2,3,4) 



Thus, the matrix factorization (|33[) is isomorphic to 

(35) M [ $ A3) {[k + l] q } q . 
Thirdly, we have 

Moi = 5(1,2,5,6) M K (4+1,(1,2,5,6) (^M - X lfiy> X k%fi))R<\*fV + 1 ) 

(36) * s'wi^K^As)^^^^);^),, {-2fc + 2}. 

VI/ \^fc,(2,6) ' 

In the quotient Qi / (-X^**^)) > we nave equalities 

v (fc,-i) / v v (i,-i-i) 

X k,(5,3) = ( X M _ X 1.3) A fe-l,(2,3,6)> 
[l,fc] / \ _ [l,fc] / \ 

"fc+1, (6,5,4,3)^1,6 ~ x l,3j - U fc+l,(l,2,4,3)^ 1 .6 ~ Xl ^>' 

Then, the matrix factorization (|36p equals to 

(37) 5^2,4,3) & K (4+1,(1,2,4,3) (^1,6 " X l,s); (^1,1 ~ Zl.a)**^ ^6) ) n //y(k ,-iu i~ 2k + 2 }- 

' Wl / \ A fc,(2,6) / 

The quotient Qi j (X^ 2 ^) is isomorphic as an R^'* '3 '^-module to R\ and 

i?3 := #(^2,3,4) © ( X ^6 - x l,s) R^llll) © ■ ■ • © x lfi 2 ( x l,6 ~ x l,a) R p.',2^)- 
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Then, the partial factorization K f 4+i,(i,2,4,3) ( Xl ,6 ~ ^1,3); (xi,i ~ x i,3)^k-i},2~3fi)) 1 (k-i) {~ 2fc + 2 I is 
isomorphic to 

i?i{-2fc + 2} ^ R 3 {1 - n} ^ i?i{-2fc + 2} 

°fc"l X fc,(2,3) U fc+l,(l,2,4,3)] ( B k-l(kl-^3)^(2, 3 )^ 

^+1,(1,2,4,3)) 

fc-2 



5 *-l(«i 1 +l,( liai 4,3)) / W-^1,3 fe _i 

fc-2 

(38) (4+^(1,2,4,3); -^.3)xg- 3 1 J) {2*-2fc + 2} 



^+1,(1.2,4,3)' y Xl ^ Xl > 3 )^k,(2,3) J 

t=0 ' "(1,2,3,4) 

5S ^J1^] y(fc,-l) \ 

^ Y \ U fc+l, (1,2,4, 3) k, (2,3) ' X M J/1 > 3 ) R 



(i,fc,i,fc) 
(1,2,3,4) 



Thus, the matrix factorization (|37|) is isomorphic to 

(39) M [ ^ 3) {{k-l] q } q ®L [ ^ AtS) . 
Finally, we have 

Mu{~l} = 5(1,2,5,6) H ^(4+1,(1,2,5,6) ! (* T M ~ x ifi)X i k k (~l) j ) R{ i, k ,k,i ) {-k} 

(1,2,5,6) 

BS[i{ ] ,4,3) H ^(4^,(6.5.4,3)^1^ ~ a:i,3);^ B -;3 1 ) ) )fl(*.i.i.*){-* + 1}{~1} 

(6,5,4,3) 

(40) - £(l',2,4,3) ^ (4+1,(6,5,4,3) (^i- 6 _ ^i 3 )' ) g t ^((n,!-!!^)^*'^)') { — 2 ^}- 

Then, by Corollary 1 2 . 441 ( 1 ) . the matrix factorization (|4"tJ|) is isomorphic to 

( 41 ) S(i:M,3) (4^ {-2fc}. 

(fe.-l)v . . , . D (l,fc,l.fc) 

fc (2 6) ' 1S lsomor P nlc as an "(12 3 4) 



The quotient Qi J ((2:1,1 ~ x ^fi)^k(2 61/ ^ s isomorphic as an i^'^'n'^-module to i? 2 and 



i?4 := ii^,'^)©^ • -® x lfi ( x l,l "^l.e) (#1,6 _a; l,3)-R(^2,3,'4) • 

Then, the partial matrix factorization A' (4 1 -li (124 3)( x i>6 — ii,3);^f/ 5 <j\ ) , ,, _ 11 {— 2fc} is iso- 

^ A ' ' ' ' ' ' l ' J 'Ql/{(a:i,l-il,6)^ i(26 j) 

morphic to 

Ri{-m - i? 4 {-l - n\ — ^ i? 2 {-2fc} 

Ofc-l X fc,'(2,3)4+1, (1,2,4,3) (^l.l ~ ^1,3>| f Ofc_l £fe_l ((^1,1 - ^1,3)^,(2,3 

^-1(4^1,(1,2,4,3)) '^-1 J V 1 

fc-1 

S A ' (4+1,(1,2,4,3)5 (^1,1 ~ ^.S)^^))^!.*.!,*) ~ 2 ^ 



i=0 ' ' R (l,2,3,4) 



/ [X,fc] y(fc,-l)/ _ \ i\ 

1^+1,(1,2,4,3)^,(2,3) v x l,l ^1,3;! 1J (i,h, I( n 



7? 1 

(1,2,3,4) 



fc-1 



(42) ~ K (4+l I ,(l,2,4,3 ) ; (*M - *1,3)^3)J ( 2l - 2fc l- 

i=0 "(1,2,3,4) 

Thus, the matrix factorization (|41[) is isomorphic to 

(43) M [ $ A3) {[k} q } q . 

We show how the morphisms ~p 1 , /I 2 , ~fi 3 and /I4 of the complex (|27[) transform by the above isomorphisms. 

Since a matrix representation of i?i{2} : ; — s- R2 as an R^'^ 3'^ -module morphism is a (k + 1) x k 

matrix 

0fe -l ~ A fc.(2,3) 
£fc_l(l) *O fc _i 
Ofc-l 1 
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then the morphism (x M -xi, 6 , x M -xi i6 ) from K (^+1,(1,2,4,3)' C^ 1 . 1 -^1,3)^^3)) / (hi _ n , {-2fc + 2}to 

'Ol/ '"^fe,(2 



(2,6) 



-K" ( u fc+i (1243)' O^ 1 1 — x i 3)^% 3) ) / <fe -i) {~2fc} transforms, for the decomposition (|30|) and 

into a (fc + 1) x fc matrix 

, Y (k-l) _y(fc,-l)\ 
^ ^fc,(2.3)> "H,(2,3)J 
B fc _l((l,l)) *0 fe _! 
Ofc-l (1,1) 

Since the tensor product of Id-=[i,k] and the above morphism is rjT , thus the morphism ~p 1 transforms into 774. 

^ (1,2,4,3) 

We show how the morphism /J 2 transforms for decompositions (|31[) and (|39p. Since a matrix representation 

1 , , £1,6 — Xl,3 

of i?! s- R l is a matrix Afc(l) and i?i ■ ■ — R3 is & k x k matrix 

(44) [ 0fe - 1 *&3) ] 



then the morphism ( 1 , xi, 6 - xi, 3 ) from A f %i-i,(i,2,4,3) i (^M ~ x ^)^k,{2,3) ) 1 (k ,-i) i ~ 2fc + 2 } to 
K ( u fc+i (124 3)( Xl .6 ~~ X1.3); X^*^ 3) ) / (fe -1) {~2fc + 2} transforms, for the decomposition ((30|) 

\ "I" A > > > J ' >\ . iJq^I ((xi.i-xi.e)^ ^ ^) 



and (|38[) . into a fc x k matrix 

/^_i((l,l)) *o fc _i \ 

Thus, the morphism 7*2 transforms into rj 2 . 

We show how the morphism 7J3 transforms for decompositions (|35p and (|43p . Since a matrix representation 

of i? 2 >• i?2 is a matrix Sfe+i(l) and A2 ' ' — >■ R± is a (fc + 1) x (k + 1) matrix 

f 45 ) ( °fe 0*1,1 - Zl,3)^£'2~3) I 

then the morphism (l,xi, 6 - x li3 ) from K (wj^ (12 4 3) ; (xi,i - ii,3)^|*'j~ 3 )) / (ki _ 1} {^2fc} to 

^ ( u fc+i (124 3)( :El >6 — xi,3);Xf fe ,' 2 os J , ,, _ 1 . {—2k} transforms, for the decomposition (|34[) and 

V ' ' Qi/((n,i-a:i,6)4, ( , 2i6 ,) 



(|42|) . into a k x (fc + 1) matrix 

( E k ((l,l)) l o k ). 

Thus, the morphism /J 3 transforms into rj 3 . 

We show how the morphism 7I4 transforms for decompositions (|39[) and (|43[) . Since a matrix representation 

3^2. I - r~ *^1 6 

of i?i{2} ; ; — 3- i? 2 is a (fc + 1) x fc matrix 

( o*-i 

^ -^_i(i) *o fc _i y 

and i?3{2} : : — >■ R4 is a (fc + 1) x fc matrix 



-Xl,l+Xi i3 Ofe_i 
1 Ofe_i 
'Ofc-i -^fe-l(l) 



then the morphism (1,xi j6 -xi i3 ) from A' (^^.(1,2. 4,3) 6 - xi, 3); (X14 - xi^X^^^J . {k _ 1} {-2fc+ 

' ' Ql/ (^fc,(2,6) ) 

2} to A" fu{. 1 _J_' i 1 ^ 2 4 3)( x i,6 ~ X1.3); ^ fe ( 2 3) J I (fc -1) {~ 2fc} transforms, for the decomposition (|34[) 
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and (|42)l . into a k x (k + 1) matrix 



(1,1) 



Ofc-l 



^ *o fc _! ^((i.i)) 

Thus, we find that the morphism ^Z 4 transforms into rj A . 

7 gr 



*<>*_! 



□ 



We obtain the following isomorphism in /C (HMF^ 1]fe|14 ) by this lemma as we have already indicated the 



isomorphism in Remark [5 



I ® ® ^ 

i< A 



\ 



( ® 



V 



/n 



The unproved isomorphism of corresponding to invariance under the Reidemeister moves {IIa\k) and the iso- 
morphisms corresponding to the Reidemeister moves (Ilbik) are proved in Section [7. II and Section [7.21 

5.5. Proof of invariance under Reidemeister move III. 
Proposition 5.9. The following isomorphisms exist in K. (HMF^ U ): 



(2)C 




(4)C 



(6)C 



(8)C 




Proof. We prove this proposition in Section 17.31 

We immediately find the following corollary by this proposition. 
Corollary 5.10. The following isomorphisms exist in /C h (HMF^T w ) 





□ 
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Proof of invariance under Reidemeister move Illuk (Theorem 15.61 (IIL 1 1-)). The diagram 
represented as an object of /C 6 (HMF» r (u , MiM) ^) (com = F x (Xgj) + F x (xgJ) + F fc (xgj) - F fc (xgJ) 

Fi(x[gj) - Fi(x[g])). By Corollary ETUI we have an isomorphism, in /C^HMF^^^^, ), 



j^' 11 Bid 




X^ ,1] HIId 




In general, the morphism x+ ^ Id is different from the morphism X+' 1 ' ^ Id- However, we find that the 
morphism X+' 1 ' ^ Id is the same with the morphism X+' 1 ' Id as follows. 



We put 



(46) 



/®(D(D\ 




c 



-fe-i 



ri.fc] 



[1,1] 

+ ,(2,3,9,8) 



X+;(9,l,7,4) K Id M 



Cf fc 



-fe+1 



J iV (2,3,9,8) , 



, 



where 



c -k-l 


— 1X1 (9,1,7,4) 1 




-!)}<*■ 


f 1), 




M [1M I 

— 1X1 (9,1,7,4) 1 


%N l $ !9>s) {(k + l)(n 


-1)}(*H 


-1), 




- iV (9,l,7,4)^ 




-l)}(fcH 


-1), 


c-k+1 


— JV (9,1,7,4) ^ 


a^[S lfll 8){(ft + i)(n- 




■!)■ 



The morphism x+ B Id consists of a tensor product of an endomorphism $ of the complex 

1 {— 1} ), where the endomorphism <!> denotes 



of Horn 



HMF 



and a morphism 



<I>: 



C 



-fc-i 



c 



-fc-1 



cr fe 



c 



-fc+i 



5oo 5oi 
5io 5TT 



Co 



, c -k+i 
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Since the isomorphisms of Corollary [5T0] transform X+' 1 ' ^ Id into a morphism X+' 1 ' ^ Id, we have 

1 ¥= o, m + o, m + o, h + o. 

Moreover, by Corollary |2.42[ we have 

dirnQHornHMFtC"*" 1 ,^^ 1 ) = dim Q Hom H MF(Cf k , Cf k ) = 1, 
dimQHomHMF(C2^ fc , C^ k ) = dim Q Uom HM F(C^ k+1 ,C^ k+1 ) 
dimQHom H MF(Cf fc ,C 2 _fe ) = dim Q Hom H MF (Cf fc , C^ k ) = 0. 

Therefore, the morphism $ is the following morphism up to homotopy equivalence 



= 1, 



, 0, Id c -fc-i , 



Id c - fc \ 

o 1 u c -> J > Id c-^A- 



( ,C Qf ^ 1 j Tj { — 1} ) = 1. Tims. \vc obtain I he isomorphism 




> 1/ n 



We similarly obtain the isomorphisms, 



V^ |/ B 



/ft «M* 




vl yJ n 



VI M/„ 



V^ |/ B 




VI K/„ 



□ 



5.6. Example: Homology of Hopf link with [1, /c]-coloring. We show Poincare polynomial of the link 
homology of [1, k) -colored Hopf link by Definition 15.31 



P 



\ 




j-2k g k+l 2kn+k 



[n-k] q + t- 2k+2 s k+L q 



2k+2 k+1 2kn-n+k-2 



[k] q 



t -2k s k+l 



q 2kn {[k] q q- n+k - 2 ^ 2 



t 2 + [n- k] q q k ), 



P 




j2k-2 s fe+l^-2fcn+n-fc+2 



] q +t 2k s k+1 q- 2kn - k 



*] 5 



t 2k s k+l 



-2kn / rr,] n — fc+2 j. — 2 



q q n - k+2 t- 2 + [n-k] q q- k ). 



H. Awata and H. Kanno calculated a homological Hopf link invariant by refined topological vertex[T]. The 
evaluation for a [1, A;] -colored Hopf link is 



(47) 



-55 (J ±<\ i-2n+k 2 —k/ ,/\k n ni i rn+k—2.1—2 . r n I2n+k\ 

P(k.i)(q ,t ) = q {-t) {[k\ q >q t +[n-k\ q >q ). 

- K J q' 
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Therefore, we find a relation between the evaluations as follows. 

/ / x \ 



(48) 



(49) 




-1 _.\„fc+lj.fc -2fcn+fc 2 -fc 



^(fc,!) {o. i —t)s + tq 



= 7>(*, 1 )fo-*~ 1 )«* +1 *~V 



6. Complexes of matrix factorizations for [i, j'J-crossing 

There are properties between the factorizations for colored planar diagrams and complexes for [1, fc]-crossing 
and [k, l]-crossing in /C'fHMF^) as follows: 

Proposition 6.1. The following isomorphisms exist in K. b (rlMF^ ) 

ffe+i' 



kk+l 



C 




Afe+ i 

{i>ii + k\{k)-i/. c j (T^) 




(3) C| M 

(4) c| n 



Proof. We prove this proposition in Section 17.4 



l 




{-kn - k} (k) [k] , C 



ykr 






{kn + k}(k)[-k}, C\ ( ) 

{-/■■»-/■■} (A-; [//. c I 



C fe 1 





+1 




{fcn + fc} (fe) [-fc] 

f | {-kn - k} (k) [k] 

{kn + k} (k) [-k] 

{-kn - k} (k) [k] 
□ 



Using this proposition, we construct a polynomial link invariant associated to a homological link invariant 
whose Eulcr characteristic is the quantum (sl n , AV n ) link invariant. 

6.1. Wide edge and propositions. We introduce a wide edge to define a complex of matrix factorizations 
for [i, j]-crossing. The wide edge represents a bunch of 1-colored lines with the same orientation. We suppose 
that a fc-colored edge branches into a bunch of k 1-colored lines and a bunch of k 1-colored lines joins into a 
fc-colored edge, see Figure [25] We naturally consider a crossing of a wide edge and colored edge and a crossing 



1 TL !• • • 




fcA 




!• • • ll 11 11 



Figure 25. Wide edge and a bunch of k 1-colored lines 
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of wide edges. For example, 



IT 



I 1 I 1 ' ' ' I 1 j 1 j 1 
j 1 j 1 * * * j 1 j 1 j 1 
I 1 I 1 ' ' ' j 1 j 1 j 1 



• • • 

• • • 

• • • 



j 1 j 1 ' ' ' I 1 I 1 I 1 
j 1 j 1 ' ' ' j 1 I 1 I 1 



Proposition 6.2. We have isomorphisms in /C & (HMF^ r w ) 

J 1 l_ ~ C ■ c 



( l 



c 



/ n V l fe In V |fe / n 

For diagrams with the other crossing, their complexes are isomorphic in /C b (HMF| f r aJ ). 
Proof. We find this property by Proposition [521 
Corollary 6.3. We have isomorphisms in /C h (HMFf[ w ) 

/ \ k \ ( \ k \ ( \ \ ( \ \ 



C 



C 



c 



e 



For diagrams with the other crossing, their complexes are isomorphic in /C b (HMF^ r w ). 



Proof. We immediately find this corollary by Proposition [62 



□ 



□ 



Proposition 15.91 and Proposition 16. f I give the following properties of colored planar diagrams with a wide 
edge. 

Corollary 6.4. The following isomorphisms exist in £ (HMFf^ w ): 




(1) c 



(2) C 



(3) C 



C i, 




K 1 ^ 





ffc+iy 



{kn + k}(k)[-k}, C 



{-kn - k} (k) [k] , C 



{kn + k} (k) [-k] , C 



l 




'V. 






C I \ J I {-kn - k} (k) [k] , C 



A" 



fc+if 



{fcn + fc} (k) [-k] 
,i | {-fcn - k} (k) [k] 
{kn + k} (k) [-k] 



CW \\ {-kn-k}{k) [-k] 
Tfc+i> „ 
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6.2. Approximate complex for [i, j]-crossing. We consider an approximate crossing of an [i, j]-crossing 
in Figure 1151 This approximate crossing has only [i, l]-crossings. Thus, we can define a complex for matrix 
factorization for the approximate crossing using definition of [i, l]-crossing in Section [5.11 

Definition 6.5. We define a complex of matrix factorization for an [i, j]- crossing as an object of /C b (HMFfjT w ) 
for its approximate crossing: 




Theorem 6.6. We have the following isomorphisms in IC b (HMF^ U ) 




For a colored oriented link diagram D, we obtain the homology associated to the complex C(D). We consider 
the Poincare polynomial P(D) in Q[t , q ±x , s]/ (s 2 — 1} of the homology associated to the complex C(D). We 
have the following properties. 
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Corollary 6.7. For colored oriented link diagrams transforming to each other under colored Reidemeister 
moves, we have the following equations of the evaluation of Poincare "polynomial P for diagrams: 




(lib) P ( 




P 



We normalize the Poincare polynomial P associated to C(D). We define the function Cr/,. (k — 1, n — 1) 
on a colored oriented link diagram D as follows, 

Crfc(D) := the number of [*, £;]-crossings in D. 

We define a normalized Poincare polynomial P(D) to be 

n-i 



P{D) := P(D) I 



1 



fc=l U a J9 



nCr fc (r») 



By Corollary 16. 71 the following corollary is obtained. 



Corollary 6.8. .For iwo colored oriented link diagrams D and D' transforming to each other under colored 
Reidemeister moves, these evaluations of P are the same, 

P{D) = P(D'). 

That is, we have equations for evaluations of colored oriented link diagrams, 



P 





= P 



P 



= P 





= p 



= P 




P 




S 1 



P 








= p 








) 





where outsides of colored tangle diagrams in each equation have the same picture. 

The polynomial P(D) is a refined link invariant of the quantum (sl n , AV n ) link invariant since P(D) is the 
quantum (s[ ra , AV n ) link invariant by specializing t to — 1 and s to 1. 

Proof. Proof of Theorem 16.61 (I) By Corollary 16. 3[ We have 




X) 




,j J {_i(i-l)(„+l)}[i(i-l)] 

{-i(i-l)(n + l)}[i(i-l)] 



We show the following lemma. 
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Lemma 6.9. We have the following isomorphism in JC (HMF 9 ) 



(50) 



{-i(i-l)(n+l)}[z(i-l)]~C 



Proof. We prove the lemma by induction over z. If i = 2, then we have the following isomorphism by Theorem 
and Proposition 16. II 



n 



{-2(n+l)}[2] = C 



{-2(n + l)}[2] 




= C 



T 



We assume that the lemma holds for i = k — 1 and consider the case i = k. We have the following isomorphism 
by Theorem 1 5 . 61 and Proposition 16. II 



{-fc(fc-l)(n + l)}[fc(k-l)] = C 



(51) 



By the assumption of induction, the complex (|51[) is isomorphic to 




{-*(*;- l)(n +!)}[*(*-!)] 



{-k{k - l)(n + 1)} [k(k - 1)} 



{-(fc-l)(fe-2)(»+l)}p-l)(A;-2)]. 



C 



C 



T 



We can similarly prove the other isomorphism for a minus [i]-curl. 



□ 



(if) 
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Proof of Theorem lH (77) 




= c 





i) 



We can similarly prove the other isomorphism of (Ha) and isomorphisms of (lib) . 

Proof of Theorem 16.61 (III) It is sufficient that we consider the case i < j < k. We can similarly prove 
invariancc of the Rcidemcistcr moves (III) for the other coloring case. 



V, ft 

\ 



\J 



= c 



c 



fcs> ft 

(CH) 

/V^ ft 

In 1/ 
/V* ft 



{a} [/3] ~ C 



(a = (-2k(k-l)-j(j - l))(n+l),/3 = 2fc(fc-l)+i(j - 1)) 



\ 



{a} [/?] ~ C 



vo i/„ 



W [P]{[k] q \} q ^C 



W {[*:],!},- 



VI 



On the other side, we have 



c 



\ 



VI SJ n 




A A 




{a} \0\ ~ C 



{a} \p] ~ C 



vi Vv„ 

\ 



{a} [/3] 



{a}[P}{[k] q \} q 




Thus, we have 













'r0J 







□ 



7. Proof of Theorem and Proposition 
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7.1. Invariance under Reidemeister move Ila. We can similarly prove the remains of invariance under the 



Reidemeister moves {IIa\k). The complex of matrix factorization C 



©c^>© 

V © © L 



is described as follows, 



(52) 



-1 



M U {1} 



where 



Ms _ 

Mg J M ™ (/J 7 ,M 8 ) 



M 



M 00 {-1}, 



Ms = Id W [x, 



Id-=[i, fc] E (a;i,6 - zi >3 , 1) , /z 6 = Id 



H 7 = Id-^ii.fe] E (1, - afi «) E Id-j-rti.fe] 

"(1,2,«,6) / JU (6,5,4,3) 



?[l,fc] 



(l,x M -aji i6 ) ) Bld^ii. 



(6,5,4,3) 



" (1,2,5,6) 



Idrfi.k] IEI (zi,6 - Xi,3,l) 



' (6,5,4,3) 



As we discussed the homotopy equivalence of the complex C 



isomorphisms (see isomorphisms (|2U|) . (|5T|) and (dJ)): 



/ ® © \ 

®-P>© 

V © J n 



, we similarly have the following 



M 00 {-1} -5(1,2,4,3) H ^ (4+1,(1.2,4,3); Kl ~ !B l>8)^(2 ) a)) n /, y <*.-i). {" 

Vl/ \ A fc,(2,6)' 

[l,fc] 

l /c+l 



Afio 
M i 



'(1,2,4,3) 

'-'(1,2,4,3) 
,[l,fc] 



■2k}, 



(1,2,4,3)5 Kl 3; l,3)4 fc ( 2,3 1 )) Qi / ((:ci i 



6)^(2,6)) 



{-2fc}, 



^ (4+1,(1,2,4,3) (^.S ~ Xl ^y> ^1,1 ~ ^^fc-l.^e) 



\ yv fe.(2.6) ' 



{-2fc + 2}, 



M U {1} Si «5(i',2,4,3) E if (^ fc + 

where 



[i,fc] 



Jxi g — ^1,3); ^fft a-\ ) / , t 

fc '^' 3 Vg 1 /((xi,i-ai. 8 )X^-;>> 



fe,(2,6) ' 

{-2fc + 2}, 



^! "(1, 2, 3,4, 5, 6) / \ 1,(1,2) 1,(5,6)' ' " ' ' A;, (1,2) ^fe,(5,6)/ 

For these isomorphisms, the morphisms 7i 5 , Tig, M7 an d Ms transform into 



|U 5 ~ Idj,[i,fc] El (xi, 6 -Xi,3,l), 

(1,2,4,3) 

TT 6 ~Id,[i, fc] E(l,l), 



7Z 7 ~Id ?[1 , fe) El (1,1), 

°(1,2,4,3) 

7* 8 ~ — Id-=[i,*] E (xi,g - £1,3, 1). 



'(1,2,4,3) ^(1,2,4,3) 

We also consider the isomorphisms Ri and R3 of Qi I (A^j) and i?2 of Qi / ((xi,i — s i,6)-^fc (2 6)) ■ More- 



over, we consider an isomorphism R§ of Qi I ((0:1,1 — Xi,g)X^ ,' 2 @\) , 



i?5 — i? 



(l,fc,l,fe) 
(1,2,3,4) 



(Xi,6 - Xi,3)i? 



(l,fc,l,fc) 
(1,2,3,4) 



x\ 6 1 (xi, 6 - Xi, 3 )i2, 



(l,fc,l,fc) 
(1,2,3,4) • 
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By these isomorphism, we obtain 

Moo{-l} - ^1,2,4,3) ® K U^l {12A 3) ; (a?i,i - ari.s)^^}) /,„( k ,-D> ^ 2fc ^ 

- 424,3) Bl I i?3{-2fc} — R 3 {1 n} — * i? 3 {-2fc} I {-2k} 

,(1,2,4,3) 

fc-1 

- 0^(w,3){2i-fc}, 

i=0 

^10 - ^(1,5,4,3) IS ^ («fc+l,Cl.2,4,3)? — ^S)^*^)') / i-2fc} 

- ^1,2,4,3) H ^s{-2fc} — R 5 {1 - n} — — » R 5 {-2k} {-2k} 

y ^+1 («L+i,(i, 2,4, 3) j £ fc+i((*i, 1-^1,3)^,(2,3) j y 

fe 

- 0Mw,3){ 2i -*}' 

i=0 



M 



01 



Mu{l} 



h 
h 
h 



Q [1 ' k] M fc' f [1.*!] 
S (l,2,4,3) H ^(«fc+l 



r(fc,-l,-l) 



( U L+1,(1, 2,4,3) ( Xl > 6 ^l-s); (^1,1 a; l,3)^fc_i i (2 

VI/ \ A fc,(2,6)' 



'-'(1,2,4,3) 



i?i{-2fc + 2} 



fc-2 



M [ $ At3) {2i -k + 2}® L[i5, 4 ,3), 



/i 
[i,fc] 



i? 3 {l-n} 



{-2fc + 2} 
i?i{-2fc + 2} ) {-2fc + 2} 



^(l'a^.a) ^ A ' ( U fc-H, (1,2,4,3) fai.e _ ^ 



A '/Ql/((ll,l-ll,6)4 (2 , 6 j) 



D (l,2,4,3) 



i? 2 {-2fc + 2} 



/a 



R 5 {l-n} 



R 2 {-2k + 2} {-2fc + 2} 



fc-i 



©M[ 1 1 ;5 4 , 3) {2i-fc + 2} ) 

i=0 



£fc-l (u 



Ofc-1 

[l,fe] 

fc+1. (1,2,4,3) 



[l,fc] y(k-l) 
"fc+l,(l,2,4,3) yl 'fe,(2,3) 



Ofe_i 

r(fc. 

L fe,(2,3) y 



zi,i - x lt3 

Ofc-i 



,[l,fe] 



[X,/CJ / \ y-(fc,— 1) 

fc+1. (1, 2.4, 3) _ Il .3) A t,(2,3) 



^fc+l, (1,2,4,3) j 



Ofc-l 
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Then, for these decompositions of matrix factorizations, the morphisms /7 5 , ~p e , JL 7 and ~p 8 transform into 



/'(, 



Ofe 

1,1 (1,2,4,3) 



Jw (1,2,4,3) 



fc-1 y(*:-l) 



-(-i) fc -^r-i 



( 2 ^) Id M;i; fc 2!4,3, 



-(-l^^M^,*] 



Ofe 



Id ? [i,fc] 

°(1,2,4,3) 



/'7 



Ms 



E k [ Idwi.fe] 

Jw (1,2,4,3) 



Ofc-1 



( Id-jryll.fc] 

Jw (1,2,4,3) 



Iclg[i,*] 

(1,2,4,3) 
/ 



Ofe-1 



Thus, the complex is isomorphic, in /C h (HMF ffr (1 fc x h) ), to 31: 



( 



© ©\ ( © © \ 

A _A 

C 



V 




©C )© 



/ 



V 



/ 



We can similarly prove the following isomorphisms for the Reidemeister moves (IIa\k) with another coloring: 



® © \ ( ® 

A A 



©( 3© 



v 



c 



^ / © © ^ 

A Ai 

©c >© 



C 



/„ 



V 



r 



In 



7.2. Invariance under Reidemeister move lib. We show the following isomorphisms 



( ® 

©( 

V 




Jk 

© / 



® 



( © © 

A Jk 

5)CT>© 

v ® 
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The complex C 



( ® © \ 



v 



is an object of /C 6 (HMF J , ), w 2 = *i(xg) - F fc (xg}) - *i(xgj) + 



(1,2,3,4) >" 2 



/ 



Ffe(X^j), and this object is isomorphic to 



(53) 



iVoo{l} 



T'2 



where 



1x7 TTrl 1 '*] raTuI 1 '*] 



7V 00 =M 



(1,5,2,6) 



iV 



(6,4,5,3)' 



JV01 = (1,5,2,6) ^ ^ (6,4,5,3)' 

Fi = IcLj:[i,fc] KIId-=[i,fc] M (xi 6 - x\ 3 , 1), 

JH (1,5,2,6) ° (6,4,5,3) 

^3 = Id-^Il.fe] 

(1,5,2,6) 



(1,2:1,1 - zi, 6 ) Kl Id-^ii,*] 



JViq = M (1)5i2;6) 



A/ 



(6,4,5,3)' 



^2 = Id-=[i,*] 



(6,4,5,3)' 

(l,xi.i - 3fi 6 ) Klldwi.fe] . 

lv (6,4,5,3) 



1/4 = -Idwi,*,] KIId=[i,fc] 

"(1,5,2,6) ^(e.^s.s) 



(Xi, 6 - Xi )3 , 1). 



By Corollary I2.48| we have 



iV 00 {l} 



/ / 4'(1,5,2,6) \ / X (hk) - X [k ' 1] \ \ 
1 1,(1,5) 1,(2,6) > 



K 



A 



fc,(l,5,2,6) 



vv 



,[l,fc] 

*fc+l, (1,5,2,6) 



^fc,(l,5) vV fc,(2,6) 
/ x v (k,-l) 

\ (xi.i - xi,e)X kX5 6) J J 



I ( 



I ( 



A 



[i,fc] 

1,(6,4,5,3) 



' A 1,(6,4) A l,(6,3) » 



.[l.fc] 

1 fc,(6,4,5,3) 



,[l,fc] 

'fc+1, (6,4,5,3) 



(l,fc) 



(M) 



(Xl,6 - Xi )3 ) / 



V 



fc,(6,4) ^fc,(5,3) 
(-l,fc) ' 



X 



fc,(3,4) 



{-2fc + l}{l} 

' / D (i,fc,fc,i) 



K 



A 



[i,fc] 

1,(6,4,5,3) 



A l,(6,4) ^1,(1,2,3,6) 4 



.4 



[i,fc] 

fc, (6,4,5, 3) 



VV 



,[l,fc] 

^+1.(6,4,5,3) 



y(l,k) _ Y (-l.fe,l,l) 
^fc,(6,4) ^H, (1,2,3,6) 



(Xi, 6 - Xi, 3 ) J 



X 



(-l.fc) 
fe,(3,4) 



{3-n}(l>, 

2 / X U *+1,(1,5,2,6) ' 
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where Q 2 = R$£$£§ / (x[^ 5) 
factorization is isomorphic to 



A' 



(fc,i) 

1,(2,6)' 



.X 



(l,fc) 
fc,(l,5) 



^fe fc (2 6)) ■ Moreover, by Theorem 12.391 the matrix 



N 00 {1} 



K 



( 4 1 ,'(6,4,5,3) + ( :E 1.6-^l,l)4'(6,4,5,3) ^ ^ 



A 



[l,fe] 

fc-1, (6,4,5,3) 



[i,fe] 

fc, (6,4,5,3) 



.4 



[l,fc] 

fc,(6,4,5,3) 



vv 



t fc+l,(6,4,5,3) 



(£i i6 - Xi, 3 ) 



(54) 



S 



[l,fc] 



\K u 



MM 



J 



X (l,k) _ x (k,l) 



X 



1,(1,4) 



(l,fe) 

fc-1, (1,4) 



1,(2,3) 



X 



(l,fc) 

fc,(1.4) 



A' 
A 



(fc,i) 

fc-1, (2, 3) 

CM) 

fc,(2,3) 



V 



A 



(-i,fc) 



{3-n}(l) 



fc >(3,4) / / Q,/(u IU1 ) 

J \"je+l,(l,5,2,6)' 



(1,4,2,3) \«fc+i, (1.4,2,3) ( X l,l - x l,3); X k,(3A) L /, [i.h] . { 3 - (!) 

' W2/ \ u k + l, (1,5,2,6)' 



By Theorem and Corollary \2~M\ (2). we also have 



(55) 



N 



in 



,9 



(1,4,2,3) B A' (4+1 (6,4,5,3) + "5 0*1,8 ~ s l,3)**,(3 J)) _ /, [i.k] . _ W 

V2/ \ u fc+i,(i,B,2,B)' 



where a is a linear combination of A 



(i,fc) 

i,(l,4) 



-A 



(fc,i) 

i,(2,3) 



(1 < i < k) with Z-grading 2n — 2k satisfying that 



(56) 



[l,fc] i V _ A — [i' fe ] 

+ 1,(6,4,5,3) + a Jl x l,6 £1,3,1 — u k+l, (1,4,2,3) 



v"fc+l 



(^1, 



^1,3 J 



mod Q 2 / (u 



[i,fc] 

fc+l.(l,5,2,6) 



Since, in the quotient Q 2 j (1526))' we nave equations 



then the polynomial u^j.^ (1526) * s described as 



^fc+H A l,(2,6)> 



y (fc,l) y (l,fc) v _ p / y (fc,l) 
> "H, (2,6)' "H+l, (1,5V ^k+H^ 1,(2,6)' 



,yv fc,(2,6)' ^-k+l,(2fi)> 



X 



X 



^jn — k ■ 



c 2 (a|; 



(2,6)' 



(l,fc) 

fc+l,(l,5) 

i-fc-2 y(,k,l) 
2,(2,6) 



(fc,l) 

fc+l,(2,6) 



C32;i,22:" 6 fe 1 



where ci and C2 are the coefficients of Fk+i {x\, X2, Xk+i) — c\x\ k Xk+i + c 2 x™ f 



C\ (n — k) + C2 . Then, in the quotient Q 2 



in 



[i,fc] 
fc+i,(i, 



5 2 6) ) , the polynomial u[^l 



[i,fc] 

+1,(6,4,5,3) 



e2Xk+i + ■■■ and C3 
is described as 



p / y(-l,M,l) y-l.-^'SJ-.JJ y-lK.J-J \ _ p fyriA^iJ yr 1 * 1 , 1 ; 

^fc+lV^l, (1,2,3,6) ' ' ■ ' ' ^,(1,2,3,6) ' vi fc+l,(4,6)' 1 Jrfe +lV^l,(l,2,3,6) ' ' ■ ' ' k,(l, 2,3,6) ' fc+l,(l,2,3,6) > 



,(-l,fc,l,l) v (fc,l) 



r(-l,fc,l,l) 



r(-l,fc,l,l) v (-l,fc,l,l) 



A 



(fc,l) 

fc+l,(4,6) 



A 



(-l,fc,l,l) 

fc+1, (1,2,3,6) 



- n fy(-l,kAA)\n-k , „ / y- (-l,M>l)\n-k-2 y (-l,fc,l,l) 

- C U^-1,(1,2,3,6) ^ "+" C2 ^l, (1,2,3,6) J 2,(1,2,3,6) ~1~ • • • 

= c i<6 fc + c 3(-^i,i + 2:1,2 + lyX^ 1 + • • • 
= -03(2:1,1 - a?i j3 )a^ fc-1 + . . . mod Q 2 / (w^+i, (1,5,2,6)/ 

By the condition (f56"|) , we find 



(57) u fc+i, (6,4,5,3) + a = ~ c 3(£i,i - x i^){ x ifi k 1 + P) 



mod Q 2 / (uf' k 



where (3 is a polynomial with Z-grading 2n — 2k — 2 such that the degree as a polynomial of variable xi,e is less 
than n — k — 1 and — (£1,6 — x-i^c^x^g^ 1 + P) = (1423) ( m °d Q2 / ( u ^+i (152 6)) )■ Thus, the matrix 



factorization (|55p forms into 
,[i,fc] 



(58^7 



in 



^2,3) K A- (-C3K1 - •'(•''•'j-,'' ' + 0); (2:1,6 - Xi,3)X$$) , [1M {1 - n} (1) 
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By Theorem 12.391 the matrix factorizations Noi and iVn{— 1} are isomorphic to the following matrix factor- 
izations 

(59) 7V 01 ~ S [ ^ 3) ®K(u^l { Mi2 ,3)(iM-ai,3);^r ( 3i0 o /. [1>fc] , „{1 -*}<!>> 

^Q2/<4 +1 J , (1 , 5 , 2]6) (si,i-xi, 6 )) 

(®Su{-l} * ^(x',4,2,3) ^ ( U L+ fe l,(6,4,S,3) + a ' ( X l>6 _ Xl . 3 )^M))g /^[i,w . {-!-«} (1) 



^+1,(1,6,2,6) t 11 ' 1 x 1.6)> 



We consider the following isomorphisms of Q2 / (u^l (1526))' 



/t6 ■— "(1,2,3,4) W Xl ,6"(l, 2,3,4) W ' " W X l,6 "(1,2,3,4) W c 3^1,6 + P) n (l, 2,3,4) : 
r> D (l,fe,l,fc) / \ D (l,fc,l,fc) _ / \ D (l,fc,l,fc) „ „ n — k—2f 

Uj :— "(1,2,3,4) ® ( x lfi — x l,3) n {i : 2,3,A) © Xl , 6\ x l,6 ~ x l,3j"(i,2,3,4) W ■ ■ ■ iB X 1>6 \2l,t> ~ J 'l,3y-">M 2 3 ,4) : 



and the following isomorphisms of Q2 / ( u fe+i (152 e)^ 1 , 1 ~ x i-6)} : 

D D (l,fc,l,fc) _ I ND (l,fc,l,fe)„ _ n-k-2/ \ D (l,fc,l,fc) / [l,fe] . \ D (l,fc,l,fc) 

^8 := ^(1,2,3,4) © 0*1,1 " ^l-eJ^laXW © ■ • • © X l,6 Kl " ^1,6)^(1,2,3,4) © K+l,(l,4,2,3) + a ) R \l,2,3,4' 

i? 9 := ^(^2,3,4) © ( a; i>6 - ^M^^m) © ( X M _ ^l.eXai.e - ^i^)^!,'^'^ © 

a?l,6(»l,l - Xl,6)(a;i,6 - ^1,3)^(112,3,4) © ■ ■ ■ © a; l,6 fe ~ 2 ( a; l,l ~ ^l,6)(a5l,6 - ^1,3)-R(^2,3,4) ■ 

Then, the partial matrix factorization A' ( u^J^ (1423) O^M — x i,3)i -^1 (34) ) / [it] i ^ — n } W °^ ^ 

Q 2 / \ U k+l, (1,6,2,6)' 

forms into 

(,4+1,(1,4,2,3) (^1,1-*1,3)J B„_ fe ^ |(3 ; 4) 'J 

the partial matrix factorization A" (—03(2:1,1 — x 13 )(a;"g' i:_1 + /?); (xi, 6 — Xi^-X^^g'*? J , (1 fc] {1— n} (!) 

of (1581) forms into 



01 



R 7 > R 6 {2k - n + 1} A 6 J {1 - n} (1) , 

2 A n _fc_2 ( w fc+i,(i,4,2.3) O^M — ^1,3) J \ 
Xl,l ~ x l,3 n -k-2 J 



y(-l,k) [l,fe] 
On-fe-2 A fc,(3,4) M fc+l,(l,4,2,3) 

E n -k-2 (^fe,(3,4)) 'On-fe-2 

the partial matrix factorization A (^4+1 (142 3){ x i 1 ~ x i 3)i^i (3 4)) / ri *i ^ — n } (•"•) °^ 

V ' ' l ' '^/KHtiMut 11 ' 1 " 11 .'') 

forms into 



^ ? *{2*-»-l}— > fis |{l-n}(l> 

S„- fe +i («L+i, ( i,4,2,3) (^1,1-^1,3) j (^. (3 ; 4) ; J 



QUANTUM (»[„, AV„) LINK INVARIANT AND MATRIX FACTORIZATIONS 

and the partial matrix factorization K (^i+i f6 4 5 31' ( Xl 6 — 3)^ r 3 4? J / u fe i — n } (1) 

V A ' ,J Q2/ K+l,(l, 5,2,6) (Z1,1-X1, 6 )> 

of (pU)) forms into 



i?9 



E 8 {2fc-n+l} 



i? 9 {-l- n }(l>, 



53 



54 



("1+1,(1,4,2,3) (^M ~ Xl . 3 )) 



l n -k ( ^(3*4)) 



y(-l,fc) [l,fe] / _ \ 

^fc,(3,4) U fc+l, (1,4,2,3) V X 1,1 ^1,3 J 



By these decompositions, we obtain the following isomorphisms 

n—k—t 



Nn 



Nn 



N%%, 3) {2i-n + k + 2}{l), 

i=0 
n-k-2 

^(1,4,2,3) {2i - Tl + k + 2} (1) © 

i=0 

n — k 

©^(ii! a , 3 ){2i-n + fc} (1), 



2 = 

n—k—X 



N [ $ i2>3) {2i-n + k}(l). 



i=0 



For these decompositions, the morphisms v\, v 2 , ^3 and 1/4 transform as follows, 



l/ 2 



E n -k-i Id-rfii.fe] 

\ JV (1,4.2,3) 

On-fe-1 
On-fc-1 



E n -k-i ( Idwi.fe] 

IV (1,4,2,3) 



On-k-1 

(1 u [lM ) 
v- 1 -' "£+1,(1,4,2,3) / 

_ [l,fc] T , 



0„_fc_i 



On-fe-1 



On-fc-1 



Id 



.v 



[i,fc] 



En-k-l ( Id-^[i,fc] 



(1,4,2,3) 



E n -k-l Id 



[i,fc] 



f-w [1 ' fcl 

V "fc+l, (1,4,2,3) 
On-fe-1 



O n _fe_l 



,-1) 



Thus, the complex (|53|) is isomorphic, in K. (HMF^ (l t . x fc) ), to 4 23 ). 



R (i;2,3,4) '"2 



C 



iA^J fc 

©( 3© 



v 



S) / 



® © 



Remark 7.1. TTie above isomorphism 

10 — ^(1,4,2,3) 



n-fc-2 

77m © 7v[ 1 1 '5 2i3) {2z-n + fc + 2}(l) 

i=0 
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is corresponding to the MOY relation 



\ fc+1 1 












' fe+1 








<k 1 n \ 





[n-k- l] g 



fc-i 



We show the remains of invariance under the Reidemeister moves (JJ&ife). The complex of matrix factorization 
I ® © \ 



A 

DC 




is described as follows, 



(61) 



iVn{l} 



^5 
^6 



N w 
_© 

N 1 



- ^iV 00 {-l}, 



where 



u 5 = Id-jjii.ft] Kl (2:1,1 - 2:1,6, 1) Kl Id-^n.kj 



^6 = Id^ 



lld=[i,»] Kl (1,^1,6 — 2:1,3), 



1/7 = Idwi.fcj KHd^[i, fc ] 153 (1,351,6 - 2:1,3), ^8 = -H 3 [i,*] IE (2:1,1 - a:i,6, 1) Klld-^ii.fc] 



We have isomorphisms ([5i]l. ([58]) . (|59|) and ([60]) . 



lVoo{-l} 



5(1,4,2,3) ^ 



Mi+MMAsjteM ~ 2:1,3);^ (gJJ) , , {1 - n} (1) , 

^(1,4,2,3) H # (-C3K1 - X!^)^"" 1 + /?); (H,6 " 2:i,3)X(- 3 1 ; 4 fc J) ^ {1 - Tl} (1) , 

(1,4,2,3) ® K ("L+Ml^AS)^!.! " *1,3); X &3,4)) /, p.*] , » I 1 ~ n l W > 

' V 5,2,6) (zi,i-*i,6)) 

Qa/ ( u L+i,(i,B,a,e)( a!l . 1_!El . 6 )) 



^[l,fe] 



^(1,4,2,3) B # (4+ fc l,(6,4,5,3) + «? ( X l,6 ~ ^1,3)^,(3,4))^ /,„[!,*] „ i 1 ~ n l W 



where Q 2 = R 



(i,fe,i,fc,fc,i) 
(1,2,3,4,5,6) 



(i,fe) 

1,(1,5) 



(M) 
1,(2,6)' 



(i,fc) 



(M) \ 



fe,(l,5) ^fc,(2,6)/ 



We consider Rq and i?7, which are isomorphisms of Q2 / (u 



[i,fe] 

fc+1, (1,5, 2, 6) 



} , and i?8, which is an isomorphism of 



Q2 I {^l+i (1526) ( Xl A ~ x h6)) ■ Moreover, we consider the following isomorphism of Q2 j (u^+i (1526) ( Xl A ~ x h^)) '■ 



RlO = R{l]2,l',4) ® (^1,6 _ X ^) R (X,2,3,1) ® X h 6( x l,6 ~ ^1, 3)^(1^,3,4) 



? (l,fe,l,fc) 



? (l,fe,l,fe) 



©x^ 6 fe 1 (ai, 6 - 2:1,3)^ 



(l,fc,l,fc) 

(1,2,3,4) ' 



QUANTUM (»[„, AV„) LINK INVARIANT AND MATRIX FACTORIZATIONS 



75 



Then, we have isomorphisms 



N ao {-i} ~ sji'^.a) a ^ ^ i - t, xhb k A 



N 



10 



(1,4,2,3)^1.1 ~ ^1.3); ^,(3,4) L /.[I,*] . {i-^X 1 ) 

' <4?. I V"fc+l,(l,5,2,6)' 



5 



[i,fe] 

(1,4,2,3) 



i? 7 



[l,k] 

k + l,(l,4,2,3) 



(Xl 1-Xl, 3 ) 



#7 



E n - k [X 



R 7 {1 - n} (1) 



fc,(3,4) ; 



-fc-1 



<i',4,2,3){2i-ri + fc}, 

* f-csKi -x 1)3 )«6 fe " 1 +^); (a:i,6 -^1,3)4"^;) {1 -«}<!> 

-i? 7 ) {!-«}(!), 



oll.fe] 
'-'(1,4,2,3) 



8(1,4,2,3) ^ I ^7 



hi 



Re, 



hi = 



h 2 = 



i-k-2 



'On-fe-i E n - k -l ^+1,(1,4,2,3) (^l.l -^1,3)) 



£1,1 - ^1,3 

O-n-fe-l 
E n-k-l (^,(3,4)) 

AIM 



hi 

,[l,fc] 

fc+1, (1,4,2,3)' 
On-fe-1 

[l,fe] y(-l,fe) 

u fc+l.(l,4,2,3)^fc,(3,4) 
On-fc-1 



A r ( M l , 2 ,3 ) {2«-" + fc + 2}©L 



[l,fe] 

(1,4,2,3)' 



iY 



01 



iVn{l} 



S(i,4,2,3) B^I^- 



c[l. fc l 
D (l,4,2,3) 



Sn-fe+l («L+l!(l,4,2,3) 0»l,l-3l,3)) 



•Rio 



^ A i-,(3,4); 



i?io {l-n}(l> 



i — k 



0<i , ,4, 2 , 3 ){2i-n + fc}, 

i=0 

5(1,4,2,3) B if K +1 J , (6 



, 4 , 5i3) ;k6-M4(3;5) Q3 ^ 

— >• Rs ; — 



cli.fe] 

'-'(1,4,2,3) 



Ri 



(1,5,2,6) 0&i,i-*i,e)) 

i?io ){l-n}<l), 



{l-n}(l> 



*0„_fc ^n-fc ( u fc+i,(i,4,2,3)( a 'l,l — ^l^)) j 



^4 = 



En- 



f Y (-l,k)\ 

k \ X k,(3A)) 



Ora-fc 

[l,fc] 
1 fe+l 



(1,4,2,3)^1.1 ^MMfe,^) 



On-fe 



n-k-1 



<i,4,2,3){2*-" + fc + 2}. 



i=0 
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For these decompositions, the morphisms v$, Vq, V7 and v% form into 



V5 



En-k-l [ Id=[i,fc] 

(1,4,2,3) 



On-fe-1 
O ra -fc 



i^n-fc ( Idwi.fc] 

(1,4,2,3) 



Jv (1,4,2,3) 



fln-fc-lld^ll.fc] 

JV (1,4,2,3) 



(a lt 



[l,fc] 

fc+1, (1,4,2,3) 



ao) / 



"7 



^8 



(1,4,2,3) 



Jv (1,4,2,3) 



(1 u [1 ' k] ) 
\ L i "fc+1, (1,4, 2, 3V 

t n - k - 1 

[l.fc] Tl \ 

a U fc+l,(l,4,2,3) lt %{i>] ai , ) 



an-fc-lld^ll.fc] 

JV (1,4,2,3) 



where ao, 01, . . ., a n -k-i are polynomials derived from x™ 6 fc 1 expanded by the basis for the isomorphism 



of Q 2 / (u 



[l.fc] 

fc+i, (1,5,2,6) 



1,6 = «o (-c 3 (.t 1 6 + + fll^g +... + a„_A; 



Thus, the complex (fUTj) is isomorphic, in /C b (HMF 9r (1 fc x fc) ), to Ln'4 2 3): 



(1,2,3,4) > U3 



©O© " c 



V 



/ 



V 



/ 



It is obvious that we can similarly prove the following isomorphisms for the Reidemeister moves (Ilbik): 



® d 

i^A 

©CD® 



^ f ® © \ ( © © ^ 



v 



c 



/ 



c 



V © / 



©c )© 



V 



/ 



7.3. Proof of Proposition [579l 
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'fc+1 li 
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Proof of Proposition I5T91 (1). The complex for the diagram 




is described as a complex of factor- 



izations of a: 6 (hmf 



gr 



? (fc+l,l,l,l,fc) 



) ( W3 = F fc+1 (xg } +1) ) + Fx(xg!) - fifxgj) - Fx(X^) - F fc (X<*>)) 



"(2) 



(3)' 



r(lh 

\4)i 



15)' 



fc+ 



(62) C 




©y 



-fe-i 



/ © ©\ 




/ © ©\ 

k+ 




{(fc+l)n-l} 
(fc + 1) 



o v cd ©y 

{{k+l)n} V s +; 2 / rrs 

(fc+1) , ^ V 

/ © ©\ 



/ ©\ 



(C + ,3)C + , 4 ) 



V © ©/ 



© 



*; +if 



© 



{(fc+l)n-2} 
(fc+1) ' 



{(fc+l)n-l} 
(fc + 1) 



v © © ©y 



v © © ©y 



where 



C+,i 

C+,3 
C+,4 



Id x[1 , fe] S3 Id-p.i] 

/V (lt6,7) + 8,6,4,3) 



(l.aji.s-ai.sjKIId.- 



M 



Id T [i, fc ] 

(i;6,7) 



lid 



M 



[i,i] 



= Id-, 



;i,fc] 



(8,6,4,3) 



Id=[i,is] 
+2,7,5,8) 



,. , HI Id-=[i,fe] 

Jv (8,6,4,3) 



-Id T [l,fc] IS Id^[l,l] 

+1;6,7) + 8,6,4,3) 



(2,7,5,8) 

(1)^1,8 " 



1 (1)351,2 
(1, 3Cl,2 



[1,*] ! 
(2,7,5,8) 

2+8), 



xi >3 ) B Id^i.fc] 

Jv (2,7,5,8) 
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First, we have 




(63) 



A (l;6,7) ^ M (8,6,4,3) ^ M (2,7,5,8) 



(( A i 



/v 



[l,k] 

(i;6,7) 



VV A 



[i,fc] 

fc+l,(l;6,7) 



/ 



XlA - X 



(l.fe) 
1,(6,7) 



X 



(l.fc) 

fe+l,(6,7) 



.4 



1.(8,6.4,3) 

V \ "2,(8,6,4,3) 

/ / A [1 ' k] 

I I ^1,(2,7,5,8 



_ y(l,l) 

^1,(8,6) ^1,(4,3) 

(ari,8 - ^1,3)^^3) 



{-1} 



\ ( X i 



VV 



^fe,(2,7,5,8) 
"fc+l, (2,7,5,8) 



(l.fc) 
(2,7) 



(fc,l) 

1,(5,8 



pLi.i^.iJ 
""'(8,6,4,3) 



(i,fc) 

fc,(2,7) 



(fe.l) 



// A [l,fc] \ / 

' ' ;V 1,(1;6,7) \ / 



K 



A 



[i,fc] 

fc+i,(i;6,7) 



\ \ "fc+l,(2,7,5,8) / 



2:1,1 - x 



(l,fc) 

1,(6,7) 



fc,(5,8) 

(fe,-l 
fe,(7,8) 



V (^1,2-^1,8)^7,8^ ) ) R tl, k , k , 



1) 

(2,7,5,8) 



Xk+1.1 -*fe+i,(6,7) 



(l,fe) 

(fc-1) 



\ (:ri, 2 - x 1 , & )Xl' {7& > ) ) q ^ {{ 



{-*-!}, 



ai.B-Si.s)-*^^) 



where 



n — p(fc+l, 1,1,1, fc,l,fc,l) //v-(M) _ y(l,l) y(l,fe) _ v(fc,l) y(l,fe) _y(M) \ 

^3 •— ^(1,2,3,4,5,6,7,8) / \^1,(8,6) 1,(4,3) ' 1,(2,7) 1,(5,8) ''••> ^fe,(2,7) ^fc,(5,8)/ ' 

The quotient Q 3 / ((2:1,8 — 2:1,3 ^^'g gj) has equations 

_ y(l,l -1) 

J ' 1 , 6 ~~ ^1,(3,4,8) ' 

(xi, 8 - ari,3)(xi )8 - 2:1,4) = 0, 
X M = X wiS (!<•?'< k )- 

In the quotient Q 3 j ((2:1,8 - x i,3) X i,(e,l)) > X j!(ej) 0- ^ 3 < k ) equals to 

y (-i,fc,l) y (i,i,-i) v (-i,fc,i) 

2:3,7 -T ^1,6^-1,7 — A j,(2,5,8) +A l,(3,4,8) A j-l,(2,5,8) 

y(-l,fc) , y(l,l) y(-l,fc) , y(l,l) y(-l,fe) _ 

— ^3,(2,5) "I" ^1,(3,4)^3-1,(2,5) ~T ^2, (3,4)^j-2, (2, 5) — 3,(2,3,4,5) ' 

and , fi 7 -j equals to 

y(-l,fc,l) 

Xl^XfeJ — (3,4,8) A fc, (2,5,8) 

_ v (-l,l,l,fc) . / x v (-l.k) 
= A fe+1, (2,3,4,5) + ^1.2 _ a; l,8j A fc ,(2,5) • 
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7<) 



Then, the matrix factorization (|63[) is isomorphic to 



(64) K 



A [i.*] 
i,(i;6,7) 



\ / y (-i,i,i,fc) \ \ 



A 



[l,fc] 

fc+l,(l;6,7) 



\ \ W fc+l,(2,7,5,i 



A 



[l,fc] 

fc+l,(l;6,7) 



y-(-l,l,l,fc) 

Xk+1,1 - A fc+l,(2,3,4,S) 

V (^1,2-^1,8)^2,5) // 



{-fc-1}. 



( 2 > 5 ) / / 03/((* I( 8-»l,3)X<^> 



By Corollary |2.44l there exist polynomials Bi, B%, . . ., Bfc+i 6 s^s) an< ^ 6 Q3 / ((^1,8 — sgi.s)^ 1 ^ 3^) 

satisfying (xi.2 — xi.s)-Bo = B£ -^(12 3 ^s)'*^ ( m °d Q3 / ((xi,s — ^l^)-^^^ 3)) ) an< ^ we nave an isomorphism 
between the factorization (f6"4"|) and the following factorization 



(65) 



V A IJ Q3/((X1,8-X1,3)X^ (6 3) ') 



where 



(66) 



Wfc+l,l;l,l,fc] _ 
^(1,2;3,4,5) : ~ ^ 



V \ B k+1 J 



\ X fc+l,l _ ^+1,(2,3,4,5) / / 



? (fc+i.i,i,i,fc) 

(1,2,3,4,5) 



We consider isomorphisms of Q 3 I ((xi,g — X\$)X^L ^)) to be 



R 



11 



i? 



(fc+i,i,i,i,fe) 

(1,2,3,4,5) 



(fe+l,l,l,l,fc) 



(Xl,2 ~ ^1,8)^(1^,3,4,5) 



D ~ D (*+1,1>1,1>*) n> / I n D (fc+1, 1,1,1, fe) 

Kl2 — -"-(1,2,3,4,5) ® \ X h 8 ' ^l, 2 — X l> 3 — ^l, 4 /• K (l,2, 3,4,5) 



Then, the partial matrix factorization K(Bq] (xi, 2 — %i,8)Xj. 



(2,5)^Q 3 /{( a;i , 8 -x 1 ,3)x^-^) 



is isomorphic to 



i? 



11 





B 



K 



(Sl,2— Xl j3 )(xi, 2—2:1,4) 







#i 2 {2fc-n+l} 



(xi, 2 - Xi, 3 )(xi, 2 - £1,4)^(^5) 



fe,(2,5) 
(-l,fc) N 



-; (xi, 2 - a;i 3 )(xi,2 - xi,4)Xl f2 " 'l\ ) © K (B; i'f]] 

(xi, 2 - xi, 3 )(xi, 2 - aci,4j fc,t ' s; / D (*+i,n,i,*) fe.tA&v h (i.+i.i,i.i,m 



i?i 



6 + 1,1,1,1,*:) 

{2}- 

(1,2,3,4,5) 



Thus, the matrix factorization (165[) is decomposed into 



( 67 ) 5 (1,2;3,4,5) ^if 



7 77 r; (xi,2 - x 13 )(x 12 - xia) x I (25)) i~ k ~ !} 

(Xl,2 - Xi, 3 )(xi, 2 - ^1,4) "AW J (*+i,i,i,i,fc) 



"(1,2,3,4,5) 



so 



YASUYOSHI YONEZAWA 



Secondly, we have 



( ® ®\ 

k+ 




A (l;6,7) ^ JV (8,6,4,3) ^ M (2,7,5,8) 



A' 



[l,k] 
(i;6,7) 



V V A [1 ' fc] 



) 



%\ i — X 



(i,fc) 

1,(6,7) 



i _ y(l,*) 

\ aifc+i,i A fe+i,(6,7) 



^1,(8,6,4,3) 



(1,1) 



(1,6,7) 
(1,1) 



-X 



1,(8,6) ^ v l,(4,3) 



"2,(8,6,4,3) 
|[l.fe] 



(xi,8 - ail.a) 



(1,-1) 



/ / A l, (2,7,5,8) \ / 1 



A 



[i,k] 

k, (2,7,5,1 



(l,fc) 
(2,7) 



1,(6,3) 

(M) \ \ 
1,(5,8) \ \ 



(l,fc) 



(fc,l) 



fc,(2,7) ^fc,(5,8) 



? (i,i,i,i) 



{-k} 



V V U k+l, (2,7,5,8) / V ( X l,2 - ^1,8)^(7,8) / / „(l,*,k,l) 



(2,7,5,8) 



(68) 



// A [i,fc] \ / 

' ' iV l,(l;6,7) > ' 



K 



A 



[i,k] 

k+l,(l;6,7) 



V V U fe+1,(2, 7,5,8) / 



^1,1 ~ A l,(6,7) » \ 



Xk+1.1 - X 



(l,fc) 

fc+l,(6,7) 



{-k}. 



The quotient Q3 / {X^ 6 gj) has equations 



2:i,6 = 11,3) 
2:i,8 = 2:1.4, 



X 3< 7 ~ i, (2,4,5) 



(-l,l,fc) 



(l<J<fc)- 



In the quotient Q3 / (X| ,' g 3 j) , /g'^ (1 < j < k) equals to 



2^,7 + 



(69) 



X 



= X 



(-1,1,*:) 

J",(2,4,5) 
(-l,l,l,fc) 
.7,(2,3,4,5) 



„ y(-l,l,fc) 
■ x l,3^j_i i (2 i 4,5) 



and I^'L ^ equals to 



a:fc,62:i,7 



2:1,3^ 



(-1,1, k) 

fc,(2,4,5) 



= X 



(-l,l,l,fc) 

fe+1, (2,3,4,5) 



(2:1,: 



a; l,4j^fe,(2,5)- 
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Thus, we find Q3 / (X^L gV) ~ ^(1^ a^s) 1 Then, the matrix factorization (|68p is isomorphic to 



Ml 



(70) 



A" 



A 



[i,k] 



A 



1,(1;6,7) 
[1,/c] 



,[!,*] 



fc+l,(l;6,7) 
\ \ U fc+1,(2, 7,5,8) _ A fe+l,(l;6,7) / 
[fc+l,l;l,l,fe] „ T , / B 



(1,2;3,4,5) 



A 



(Xl, 2 - Xi, 4 ) 



; (zi,2 



/ _ y (-i,i,i,fc) 

X1 >1 ^1,(2,3,4,5) 



Zfc+1,1 



A 



(-i,i,i,fc) 



\ (asi,2 - ari,4)^7 1,fc) 



{-fc} 



fe+1, (2,3,4,5) 

^ / / Q,/<x§-%) 
{-*}■ 



? (fc + l,l,l,l,fc) 



Thirdly, we have 

/ ® ©\ 





V 


.1 







V 



A (l;6,7) ^ M (8,6,4,3) ^ iV (2,7,5,8) 



/ / iV l,(l;6,7) 



A 



V V A fc+l,(l;6,7) J V X k+ 



X 



(l,fc) 

fe+1, (6,7) 



3A 



.4 



1.(8,6.4,3) 
[1,1] 
l 2,(8,6,4,3) 



A 



(1,1) 



X 



(1,1) 



"1.(8,6) ^1,(4,3) 
/ \v(l,-l) 
1^1,8 - ^1,3 )Aj (6 3) 



{-1} 



A. 



( ( 



ifi.fc] 

1 l, (2,7,5,8) 



A 



[i,fc] 

fc, (2,7,5,8) 



vv 



,[l,fc] 

*fe+l,(2,7,5,8) 



(8,6,4,3) 

I ^1,(2,7) ■ Al 



(xi,2 - ^l.s) / 



n,(5,8) 



A 



(i,fc) 

fe,(2,7) 



A 



A 

(fc,-l) 

fe,(7,8) 



(fe,l) 
fc,(5,8) 



{-k + 1} 



? (l,fc,fc,l) 

(2,7,5,8) 



A 



A 



[i,fc] 

1,(1;6,7) 



\ / «i,i-Jr?' fc) 



A [i,*i 

J1 fc+l,(l;6,7) 



VV 4+i,(2,7,5,8)( a; l,2- a; l,8) / 
' fc,(2,5) i 



(71) 



(6,7) 



_ Y-(l.fe) 
Xk+1,1 ^fc + l,(6,7) 

.(*,-!) 



{-fc} 



V X fe,(V,8) //q,/^,-.^) 



{— fc}. 

3/ ((^l.s-xi^)^^) 



Since the partial matrix factorization K (^B; X^ ^ 



k)\ 

^ 5 Vq 3 /<(x 1 , 8 -x 1 , 3 )x'^ ) ) ) 



A 



11 



B 
B 



Rn{2k -77,-1} 



A 



(-i,fc) 

fe,(2,5) 




is decomposed into 



An 



X 





(-l,fc) 

fe,(2,5) 



A B: X 



(-i,fc)\ 

fc,(2,5) y p (fc+i,i,i,i,fc) 

-"-(1,2,3,4,5) 



K(B;Xl-H]) {2}, 

^ ' fc,(2,5) ) 1,1, i,ls) L J 
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then the matrix factorization (|71[) is isomorphic to 



(72) ^li h] ^(B-,X^) 1M {-k} 

"(1,2,3,4,5) 

©5[SS; ife] mK(B-X^]) iik) {-k + 2}. 

"(1,2,3,4,5) 



Finally, we have 



( ® ©\ 



A (l;6,7) ^ JV (8,6,4,3) ^ iV (2,7,5,8) 



v (D ®J 



(73) 



/ / A M1;6,7) \ / - X \,<fi\) \ \ 



K 



V V 71 fe+l,(l;6,7) 



.4 



(1,6,7) 
(1,1) 



[1,1] 

1,(8,6,4,3) 



"2,(8,6,4,3) ( Xl ' 8 



r (l,l) _ r v 
^■1,(8,6) 1,(4,3) 



X 



(1,-1) 
1,(6,3) 



^1,(2,7,5,8) 



/.[l.fc] 

^£,(2,7,5,8 



\ / 1,(2,7) ^1,(5,8) \ \ 



r(fe,l) 



vv 



K 



^+1,(2,7,5,8) ( X l,2 -^1,8) / 



(l.fe) 



(fe,l) 



fe,(2,7) ^fe,(5,8) 



X 



(fe,-l) 
fe,(7,8) 



t (2,7,5,8) 



71 1,(1;6,7) 



A [l,fc] 



V V U fe+ fe l,(2,7,5,8)( a; l,2 -*X,8) / 



^1,1 ~ A i,(6,7) \ \ 



Zfc+1,1 A fc+1,(6,7) 
(fc,-l) 



{-fc+1} 



(1,2;3,4,5) 



k,{2,5) ) R (k+i, i,i,i, fc) I fi '^- L /- 



(1,2,3,4,5) 



For these decompositions (|67|) . (|70|) . (|72|) and (|73|). the morphisms C+ 1, C+ 2, C+ 3 an d C+ 4 °f the complex ((62 
transform into 



c 



+A 



C + X ^ kU[fc + l,l;l,l,fc] E3 (1, 0:i,2 - 0:i,3), Id-=[fc+l,l;l,l,k] Kl (xi, 2 - O:^, 1) , 



/ Id ? [*+i,iji,i,k] Kl (1, (0:1,2 - 2:1,3) (£1,2 - 0:1,4)) 

/■ rvj I (1,2;3,4,5) 

W.2-1 

C + 3 ~ Id S [k+l,l;l,l,fc] (l^l^ - 0:1^) , 







Id- 



r[fc + l,l;l,l,fc] 
J, (l,2;3,4,5) 



(1,1) 



Id=[k+i,i ; i,i,k] (1, 1), Id=[*+i,iji,i,*] Kl (0:1,2 - 0:1,4, 0:1,2 - xx,. 
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Then, the complex (|62|) is isomorphic, in JC b (HMF 9T (k+1 11A k} ), to 



""(1,2,3,4,5) ' 3 



-k 



M 1 {(k + l)n} + 



Idg-Kl(l,a!i,2-a;i,3) 



M 2 {(fc + l)n- l}(fc + l), 



where 



(74) 



Ah 



Bk+i 



y(-l,l,l,fc) 

Xl - 1 ^1,(2,3,4,5) 



_ „(-l,l,l,k) 
^fc+1,1 ^+1,(2,3,4,5) 



,(^+1,1,1,1,^) 



(75) 



M 2 = A' 



■<T 



_ F (-i,i,i,fe) \ \ 

1 A l, (2,3,4,5) \ 



r(— l,l,l,fc) 



Sfc+1 X fc+ i,i - ^" fe+li (2,3,4,5) 



i-k}. 



? (fc+i,i s i,i,fc) 



By the way, we have 




(76) 



® ®\ 
tfe+i i 



®J n 

-k - 1 



/ ® ®\ 



\ k+l i f 



fc+2 

V ® ® ®Jn 



( ® ®\ 



f ( 1 i 1\ T "^+,(2,1,6,3) A 1 ' 1 
{{k+l)n\ (6;4,5) 



(fc+1) 



'fc+1 IT 



1 1 



fc+1 
fc 



{(fc + l)n- 
(fc + 1) 



D ©/„ 
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(77) 



(78) 



/ ©\ 

\k+l l] 



k+2 
fe+1 
fc 



©J n 

( ( A lhk+1] 

1 1 ^1,(2,1,6,3) 



K 



A 



[l,k+l] 
fe+l, (2,1,6,3) 

\ u lhk+1] I 

\ u fc+2,(2,l,6,3) / 



'fe+1 if 



fe+1 
fe 



©/« 



A 



A 



[i,fc+i] 



(fc+i,i) 

1,(1,2) 



X 



(l,l,fe) 

1,(3,4,5) 



y (k+l,l) _ Y (l,l,k) 
^fc+l,(l,2) k+X, (3,4,5) 



{-k-l}, 



J J 



A 

[i,fc+i] ' 

*fc+2,(2,l,6,3) 



1,(2,1,6,3) 

[l,fc+l] 
fe+1, (2, 1,6, 3) 



(Xl,2 



( x 



^1,3) / 



X 



(fe+1,1) 

1,(1,2) 

(fe+1,1) 



X 



(l,l,fe) 



fe+1, (1,2) 



X 



X 



(fe+1,-1) 

fe+1, (1,3) 



1,(3,4,5) 

(l,l,fc) 
fe+1, (3, 4, 5) 



where 



Q4 :— R 



R 



(fc+1,1, i,i,fc,fc+i) 

(1,2,3,4,5,6) 

(fe+l,l.l,l,fc) 
(1,2,3,4,5) 



X 



(l,fc) 

1,(4,5)' ' 



j a;fe+i,6 



X 



(i,fe) 

fe+1, (4, 5) 



The right-hand side sequences {x\ t i — p 1 '^'] ''j, 



xr(-l,l,l,fc) / xv (-i,fc) 
,%l,k+l - A fe+l.(2,3.4,5)' ^1,2 _ Xia)A. 



factorization Mi and (^j jjj) 



X 



(i,i,fc) 
1,(3,4,5)' ' 



X 



(fe+1,1) 

fe+1, (1,2) 



X 



(l,l,fe) 

fc+1, (3,4,5) 



A' 



(fc+1 ,-l)\ 



of the matrix 



(|78j) transform to each other by a linear transformation over ^n^' 
Theorem l2.431 we have 



fe,(2,5) / 

1 (1 3) J °f ^ nc ma ti'ix factorization 
Then, by Proposition 12.391 and 



/ © ©\ 



(79) 



The sequences fafi,i 
factorization Mi and ^xj^ 1 ^ 



X 



(-1,1,1,*) 
1,(2,3,4,5) ' ' 



i) 



X 



Mi 



■ , £i,fc+i 

(i,i,fc) 
1,(3,4,5)' ■ ■ 



fe+i 



fc+i 
— ^fe 



©/ 



X 

,x 



(-l,l,l,fc) 

fc+1, (2,3,4 

(fe+1,1) 
fc+1, (1,2) 



5 ), (ai,2 - Sl,3)(^l,2 - x lA) X i,(2,5)) ° f tllC 



matrix 



X 



(i,i,fe) 
fc+i, (3,4,5) 



( x i: 



, Y (k+i-i)\ 

x l,3)* k+1 ,(i j3) ] 



of the matrix 



factorization ((77]) also transform to each other. We have 

/ 

(80) Mi ~ C 



© 

Jk+l 



\ 



k+2 
~^|fc+l 
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Thus, in /C 6 (HMF 9 D r (fc+1 , lililifc) ), we obtain 













' V 






V 




2) 






n 



I kk+1 li\ 




□ 



Proof of Proposition I5T91 (2). The complex for the diagram 
izationsof JC b (RMF^ k+w>1>k) ), 




is described as a complex of factor- 



(81) C 




V © ©A, 
k - 1 



( © ®\ 



fc + i 




{-(fc+l)n+l} 
+ 



X © ©/ 



O V © ©J 

{-(fc+l)n+2} V 5 >V m 
fc+1 , W x 

/ Q ©\ 



C 



{-(fe+l)n+l} 
+ 




(C-.3.C-.4) 



{-(fc+l)n} 
(fc + 1) 
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By the discussion of Proof of lemma [5791 (1), we also have 



(82)C 



( ® ®\ 

k+ JL(j) 



(83)C 



(84)C 



(85)C 



\ (D ©/ 




V (D ©/ 
f ©\ 



fc +4 



v © ©y 
f © ©\ 




V © © ©y 



[ fe+ l,l;l,l,fc] 
^(l^,^) A V' " v fc,(2,5) I R (k+i 

""(1,2,3,4,5) 



-[fc+l,l;l,l,fc] / B 

6 (1,2;3,4,5) ^ A 



7 r! (^1,2 - ^1,4)^ fo'fit ) { _ &}, 

(2:1,2 - an,4) fc '^ 5 7 fl ( t+ i,i,i,i,*) 



V ' V Q3/((X1, 8-Xl, 3)XJ (6 3 j) 



^S^ 1 ei if (b ; (^1,2 - *i.8)4£§) {-* - i}, 



where 



(fc+i,i,i,i,fc,i,fe,i) //^(i,i) vC 1 ' 1 ) vC 1 ^) 



3 ' xl (l, 2,3,4,5,6,7,8) 



— vY-i , n ~\ — -A. 



(fc,l) 



x (l,fc) _ x (k,l) \ 



1,(8,6) ^1,(4,3)' ^1,(2,7) ^1,(5,8)' "•• ' fe,(2, 7) ^fc,(5,8) / 



We consider the decomposition of the partial matrix factorization K [B; X[ , of 



Rl2 ~, »- % 2 {2fc - n - 1} ; ; #12 

(B 0) ( X 

B 



(-i,fc) 

fc,(2,5) 
X 





(-l,fc) 

fc,(2,5) 



fl;Jr£"7^ ©iffS;X^'5l {2}- 

' fc,(2,5) I „(fc + i,i,i,i,fc) ^ I ' fc,(2,5) / p(h+i,i,i,i,fc) L J 

-"(1,2,3,4,5) "(1,2,3,4,5) 



and the decomposition of the partial matrix factorization K (^B^; (211,2 — xi.s)-^ (2 '5)) 



(EH) 



Q3/ ((Xl,8-a~l,3)^^ ( ' 6| 3)> 



of 



Ri 



K 





B 

(^1,2— xi,3)(a:i,2— *1,4) 

• B 

,(^1,2 - X!^)(xi. 2 ~ Si, 4) 



B 




i?i 2 {2fc-n + 1} 



C-i.fc) n 

fc,(2,5) U 



(2:1,2 - ^1,3)(^1,2 - ^M^^'sj 



? (fc+i,i,i,i,fc) 



K B; X 



fe,(2,5) y fl (fc+i,i,i,i,h) I J 



(1,2,3,4,5) 
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Then, we obtain isomorphisms of the matrix factorizations (|84l) and ([85 
( © ®\ 



+lf 






l (8) 



V ® ©/ 



I © ©\ 



r (l,2,3,4,5) 



V © © ©/ 



(87) 



7 T7 r5 (^1,2 - «l,3)(aJl,2 - %lA) X k 125) 

(3:1,2 -xi,a) (xi,2 -ari )4 ) *^ 2 ' 5 ) 



? (fc+l,l,l,l,fe) 



{-*-!} 



For these decompositions (|82|) . (|83|) . (|87|) and (|86|) . the morphisms C_ i 5 C- 2> C- 3 an d C- 4 of the complex ([81 
transform into 



C-,i 

C-,2 
C-,3 
C-,4 



IcU[h+i,i;i,i,k] El (xi 2 - 351 4, 1), 

(1,2:3,4,5) 

/ IcU[k+i,i;i,i,*] ^ (—3:1,2 + 3!i 4, — Si ,2 + 3:1,4) 

I °(1,2;3,4,5) 

I Id»[H-i.i,i.i,.i] El (1, 1) 

\ a (l,2;3,4,5) 

/ Id^ife+i.iii.i,*.] M (xi 2 - 3:1,3, 1) \ 

a (l,2;3,4,5) 

I Id-=[fe+i,iji,i,fc] El (— 1, -2:1,2 + 3:1,4) /' 



'(1,2;3,4,S) 





Id~[fc+l,l;l,l,fc] El (1, 1) 
& (1,2;3,4,5) 



Id-=[fc+i,i ; i,i,fc] El ((3:1,2 - 2:1,3) (2:1,2 - 3:1,4), 1) 



'(1,2;3,4,5) 







Then, the complex ([Si]) is isomorphic, in IC b (HMF gr [k+1 lllk] ), to 

fl (l,2, 3,4,5)' > W 3 



k + 1 



ld^S(x 1 a -xi 3-1) 

M 2 {1 - (fc + l)n} (fc + 1) ■ ■ : *- Mi{-(fc + l)n} (k + 1). 



Since we have (the isomorphisms ([79)1 and (|80[1 ) 

/ © ©\ 



Mi ~ C 



thus we obtain 



/ ® ©\ 




l fe+l 




* k 


fc+i 


x r 




® 


©/ 



□ 
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Proof of Proposition I5T91 (3). 

izations of /C b (HMF 



gr 



? (fc+l,l,l,fc,l) 



The complex for the diagram 



) (ci> 4 = F k+ i(l 




is described as a complex of factor- 



)-F fc (Xg>)-^(X$)) 




V © ©/ 

-fe-1 



-jfe+1 



fe+ 




{{k+l)n} 
(k+1) 



V 




{(fe+l)n-l} 
(k + 1) 



©/„ 



/ ® ©\ 

^® 



{(fc+l)n-2} 



{(fe+l)n-l> 
(k+1) 



V © © ©/„ 



V © © ®/„ 



where 



?+,4 



Id x[ ,,i] B Id,[i, fcl 

il (l;6,7) °(8,6,4,3) 



(l,a;i,8 - ari.s) E Id^i,!] 



Id 



= Id-, 



"■(i;6,7) 



mm 



lUk] 

(8,6,4,3) 
■[l,fc] 



Kl Id^i.u 

(2,7,5,8) 



Jv (8,6,4,3) 



= -Id x[fc ,i] HI Id, 



(2,7,5,8) 

(1,^1,8 " 



M (2, 7,5,8) 

] (1,011,2 - £i, 8 ), 
(l,xi,a - ari.s), 



lv (2,7,5,8) 
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First, we have 




(89) 



A (l;6,7) ^ M (8,6,4,3) ^ M (2,7,5,8) 



A" 



[M] 
(i;6,7) 



\ / xi,i-X 



VV A 



[M] 

fc+l,(l;6,7) 



(fc,l) 
1,(6,7) 



\ x k+l, 



X 



(fc,l) 

fe+l,(6,7) 



// 



R 



II A [1 ' k] \ 

1 1 A l, (8,6,4,3) 1 



^k, (8,6,4,3) 
[l,fe] 

\ \ M fe+1,(8,6,4,3) / 



/ r (l,fc) _ y(fc,l) 

' A l,(8,8) ^1,(4,3) 



(1,6,7) 



X 



(l,fc) 



X 



(fe,l) 



fc,(8,6) ^fc,(4,3) 
\ ^1.8 _ X l,3) A fe,(6,3) // „(!,*,,*,!) 



.4 



(7 



[1,1] 

1, (2,7,5,8 
[1,1] 

2, (2,7,5,8 



(1,1) 



X 



(1,1) 



L l,(2,7) ^1,(5,8) 
(Xl, 2 - Xi. 8 )X[^~^ 



{-1} 



,(1,1,1,1) 



// A [M] 
' ' ^l,(l;6,7) 



K 



V V 



A [fc,l] 

fc+l,(l;6,7) 

[1,1] 
U 2,(2,7,5,8) 



XlA—X 



(fe,l) 

1,(6,7) 



X 



(M) 



fc+l,(6,7) 
V (3fl,2 - ^1,8)^^ ( V~8) 



{-*-!}, 



' ' Qb/{(.*i.b-*i.s)X§-$) 



where 



n ._ n(fc+l,l,l,fc,l,fc,l,l) // y (l,fc) _ Y (kJ) y(l,k) _ Y (k,l) _ v(l,l) \ 

— -"-(1,2,3,4,5,6,7,8) / \^T,(8,6) A l,(4,3)' ' ' ' ' fe,(8,6) ^£,(4,3)' 1,(2,7) ^1,(5,8)/ 

The quotient Q5 / ((2:1,8 — ^i^)^^ 3)) has equations 

Xj,e = Xjldw) (1 < 3 < fc ), 

(a?i,8 - x h3 )X { k k ^ = 0, 

_ y(-X,l,l) 

Xl - 1 ~ ^1,(2,5,8)' 

In the quotient Q 5 j ((xi >8 - ^1,3)^(^3)) , ^j*^) (* < i < k ) equals to 

y-(l,fc,-l) y(l,fe,-l) y(-l,l,l) 

Xjfi + Xj-ifiXij — ^',(3,4, 8) j — 1,(3,4,8) 1,(2,5,8) 

y(l,fc) , y(-l,l)y(-l,l,fc) , __ \y(-U)y(-MA-l) 

— i,(3,4) 1,(2,5) j — 1,(2,3,4) + ^ X l, 2 i MJ A l,(2,5) j-l,(2,3,4,8) 

and xftjL equals to 



•^fe,6^1,7 — ^fc, (3,4,8)^1, (2, 5,8) 



F (l,fe) v(-l.l) Y (-l,l,fc) , /_ _ )y(-l,l) Y (-l,l,fc,-l) 

^fc+l.(3,4) + ^l,(2,5)^-fe, (2,3,4) ^l, 2 ^1,8^1,(2,5) ^fe-l, (2,3,4,8) 
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Then, the matrix factorization (|89p is isomorphic to 



A 



[fe,i] 

1,(1;6,7) 



V \ u [1,1] 

\ \ u 2, (2,7,5,, 



A [*,l] 

Jl fc+l,(l;6,7) 

v-^fc+1 y-(-l,l,fc,-l) \[k,l] 
^3=2 3-2, (2,3,4,8) j,(l;6, 7) / 



(-l,l,fc,l) 
(2,3,4,5) 



Xk+1,1 -^fc+l', (2,3,4,5) 

\ (11,2 " J J Qr 



(-1,1, k,l) 



{-k 



Qs I ((xi,8 



-^1,3)^(6,3)') 



By Corollary[2T3 there exist polynomials C x , C 2 , ■ . ., C k+ i G #(£^4*5*'^ and C G Q 5 / ((xi,8 - ^1,3)^^(6,3)) 

satisfying (xi,2 — £i,8)Co = C G 23 ^s') 5 ' 1 ^ ( m °d Q5 / ((.ti.s — xi^)X^ 6 ^) ) an d we have an isomorphism 
to the factorization (1901) 



(91) 
where 



^^^^K^Co^-x^X^) {-k-1}, 



(92) 



Y;[fc+l,l;l,fc,l] 



s 



(1,2;3,4,5) 



A" 



,(2,3,4,5) 



1 _ y (-l,l,fc,l) 

\ Efc+1,1 ^£+1,(2,3,4,5) 



? (fc+i,i,i,fc,i) 

*(1,2,3,4,5) 



We choose isomorphisms of Q5 / ((xi,8 — xi^Xj^L *?) to be 



-R13 
i?14 



„(fc+l,l,l,fc,l) , S R (fc+l,l,l,fc,l) 
•"(1,2,3,4,5) © ^1.2 ~ a; l,8j- K (i,2,3,4,J 



,5) 



„(fc+l,l,l,fe,l) R (fc+l,l,l,fc,l) 
-"-(1, 2,3,4,5) w ■ tl .8 il (l,2,3,4,5) 



,r, fc-1/ \ D (fc+l,l,l,fe,l) 

CT7...©a; ljg (Xi,2 — Xi t 8)U^ 123i ^ , 

J-ln(W,l,W) a> D(fc+l,l,l,fc,l) 
1 8 f 1 13 ^ ^ tp -/v (_ / 1 9 ^ Q A 



"-(1,2,3,4,5) 



L fc,(2,3,4,8) "(1,2,3,4,5) 



Then, the partial matrix factorization K(Cq; (^1,2 ~ ^i,s)^i (2 5))q ^ 
#13 : ? -Ri4{3 - n} — 



N „cfc,-i)\ is isomorphic to 

((xi, 8 -xi, 3 )X£ i( ' M p 



£*(c) 



K 



(xi,2-X 1 , 3 )X k(2 - 4) 

C 



Ok 



Ok 



x xr(-l,fe) xr(-l,fe) 
(Zl,2 - ^l,3jA fc (2i4) A lj(2 5) 



i? 



£! fe(^l,(2,5) ) ) 



Oft 



/ \y(-l,k)y(-l,fc) 

x JPT^J' ^ Xl ' 2 _:Cl .3J A fe,(2,4) A l,(2,5) 

(xi, 2 - a;i,3)A fcj(2)4) ; nCfc+Iil|1(fc>I) 



''(1,2,3,4,5) 



3 = 1 



,(-l,fc) 

"ft, (1,5) j R (.k + 1 



e + l,l,l,fc,l) 



13 



Thus, the matrix factorization (|9ip is decomposed into 



(93) SgS^B* 



C 



/ x v(-l,fc) 

TTT^j; 1^1,2 - a; l,3j^ fei ( 2j 4) A l,(2,5) 



(afi,a - a;i,3)^ fei(2 ; 4 ) 



{-fc-1} 



? (fc + l,l,l,fc,l) 



e^[fe+l,l;l,fe,l] 
D (l,2;3,4,5) 

3=1 



C;^ a ^)^ tl , I:I . M) {-*-i + 2i}. 



(1,2,3,4,5) 
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Secondly, we have 



k+4 




V (D © ©/ 



(94) 



A (l;6,7) ^ iV (8,6,4,3) ^ M (2,7,5,8) 



/7 A 



A" 



[M1 \ / an 

1,(1;6,7) \ / ^i. 



\ \ i4 -fc+l,(l;6,7) / 
// 



(M) 

1,(6,7) 
(fc,l) 

fe+l,(6,7) 



/ / „(i,fc,i) 



IK 



^1,(8,6,4,3) 



Ahk] 

fc,(8,6,4,3) 



\ / y(l,k) _ r (k,l) \ \ 

1 ' 1,(8,6) ^1,(4,3) 4 4 



A 



(l.k) 

fc,(8,6) 



A 



X 

(k-lj 

fe,(6,3) 



(M) 
fc,(4,3) 



A HA] 

^1,(2,7,5,8) 

[1.1] 
"2,(2,7,5,8) 



(1,1) 



(1,1) 



"1,(2,7) ^1,(5,8) 
(Xl,2 ~ X lfi )XQ~£ 



{-1} 



{-k + 1} 



? (i,fc,fe,i) 

'(8,6,4,3) 



,(1,1,1,1) 



// A [*,l] \ 

/ / ^1,(1:6,7) \ 



K 



vv 



A 



[fc,l] 

fc+l,(l;6,7) 
[1,1] 

2,(2,7,5,8) 



/ arii - X 



(fe,i) 

1,(6,7) 



Xk+1,1 



X 



(fe,i) 

fc+l,(6,7) 
-(1,-1) 



{-k}. 



The quotient Q5 / (AT^'g 3) ) has equations 



X 3fi 



X 



(l,fc,-l) 

i,(3,4,8) 



(1 < i < - 1), 



£fe,6 - a; l,3^ fe _ 1) (4 i8 ), 

v-(a.-i) _ n 
k,(i,a) ~ u ' 



Xi ,7 = X 



(-1,1,1) 
1,(2,5,8) ' 



In the quotient Q 5 j (Xjf°L ^)) , X^L (1 < j < k) equals to 



-(M) 



Xjfi + Xj-lfiXlJ = 



Y (l,k,-1) y(l,k,-l) 

A j,(3,4,8) + A i-1, (3,4, 8)^1, (2,5, 8) 



A j,(3,4) + A l, (2,5) A j-1, (2,3,4) + ^1,2 ~ x l,$ ) A 1,(2,5) A ;-l 



(-1,1) y (-l,l,fc,-l) 
(2,5)^-1,(2,3,4,8) 



and AT 



(fe,i) 

fc+l,(6,7) 



equals to 



XkfiXlJ 



„ y(fe-l) Y (-l,l,l) 
x 1.3 vv fe-l,(4,8) vv 1,(2,5,8) 



A 



(l,fc) 

fc+l,(3,4) 



y(-l,l) y(-l,l,fe) , / \yl-i,i;yl 
^1,(2,5)^,(2,3,4) + l x l,2 x l,8Mi,(2,5)^fe-l,(2,3,4,l 



r(-l,l) v (-l,l,fc,-l) 
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Then, the matrix factorization (|94[) is isomorphic to 



(95) 



K 



A [*.i] 
i,(i;6,7) 



A M] 



,[1,1] 

2,(2,7,5,1 



1) A [*.l] 
2 " v j-2,(2,3,4,8) J1 i,(l;6,7) 



Efc+1 v (-l,l,fc 



^1,(2,3,4,5) > > 



(-l,l,fe,l) 
fc+1, (2,3,4,5) 

\ y-( — 1>1) 



? [fe + l,l;l,fc,l] gg 7V- 

°(1,2;3,4,5) ^ 



{-k} 



We choose isomorphisms of Q5 / {x9 e L I) ) to be 



D D (fc+l,l,l,fc,l) » / n D (fc+l,l,l,fc,l) 



i? 



15 



^J i8 2 (a;i,2 - ^l.s)-^ 



2,3,4,5) 



n(fc+l,l,l,fc,l) R (fc+l,l,l,fe,l) 
-"-(1,2,3,4,5) W J ' 1 . 8rt (l, 2,3,4,5) 



fc-2 R (fc+l,l,l,fc,l) as Lv(-l.'r^ n (W,lMl) 
x 1.8 -"-(1,2,3,4,5) W \ fe, (2,4,8) /"""(l, 2,3,4, 5) 



Then, the partial matrix factorization K(Ca] (11.2 — X\ %)X\ co'sVn //\-< fc * s isomorphic to 



R 



14 



A 



E k -i{C) 



i?i 5 {3 - n} 



^-1(^1,(2,5)) 



y(-l,fc) y(-l,fc) 
fc, (2.4)^1, (2, 5) 



i?14 



C . y(-^-k) y(-l,k) 
' -l,fc) ' k, (2,4) ^1,(2,5) 



A" 



,fc) : 

fe,(2,4) 



fc-1 



? (fc+i,i,i,fc,i) 2=1 

t (l,2,3,4,5) 



(J) A (C;X^ (1 ' 5 j'j (i+M1M) 



{2i}. 



Thus, the matrix factorization (|95[) is decomposed into 



(96) 



■^[fc+l,l;l,fc,l] 
*(1,2;3,4,5) 



K 



X 



(-1,*) >^k, (2,4)^-1, (2, 5) 



{-k} 



fc,(2,4) 



? (fc+i,i,i,fc,i) 



fc-1 

°(1,2;3,4 

2=1 



_[fc+l,l;l,fc,l] / y (-l,fc)\ 

5) ^ K ( C > A 1,(2,5) J B (* + i,i.i,*,i) 



{-fc + 2j}. 
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Thirdly, we have 



A (l;6,7) ^ M (8,6,4,3) ^ iV (2,7,5,8) 



V © ©/ 



/ / A U1;6,7) \ / ^1.1 ~ X 1%,7) \ \ 



K 



v v A [*,l] 



X 



(M) 

fe+l,(6,7) 



/ / A [1M \ 

I I ^1,(8,6.4,3) \ 



/ / B (i,fc,i) 

(1,6,7) 



A 



[i,fe] 



fe, (8,6,4,3) 
[l,fc] 



/ Y"(l>' s ) _ y(M) \ \ 
/ 1,(8,6) ^1,(4,3) \ \ 



(4,3) 



y(l,fc) _ 

A fe,(8,6) ^fe,(4,3) 

(fc,-l) 



{-fc} 



\ \ U fc+1,(8,6,4,3) / \ \ Xl > s Xl > 3 )^k,(6,3) / / fl (i.k,*.i) 



(8,6,4,3) 



.4 



1,(2,7,5,8) 



v (l,l) _ y (l,l) 
^1,(2,7) 1,(5,8) 



;i,i] 

1 2,(2,7,5,8) 



(2:1,2 - ari.s) 



X 



(i-i) 

1,(7,8) 



,(1,1,1,1) 

^(2,7,5,8) 



(97) 



~ K 



A 



[fe,i] 

1,(1;6,7) 



A [fe,l] 

J1 fe+l,(l;6,7) 



VV "£(2,7,5,8)^1.2-^1,8) / 
-MA 



? [fe+l,l;l,fc,l] 
'-'(1,2;3,4,5) ^ A 



(fc,i) 

(6,7) 



■H+1,1 ^-fe + l,(6,7) 
(1,-1) 



{-k} 



V ^1,(7,8) / / Q 6 /( (xi , 8 _ :Cli 3 ) ^-3 1 ) '> 



{-*}. 



Since the partial matrix factorization ^C; x[ (25)) 



»b/ ((a=i,8-a!i,3)-X'fc% i 3 ) ) > 



is decomposed into 



R 



13 



-Efc+i(C) 



#i 3 {l-n} 



B k+l(^l,(2,'6)) 



-Rl3 



3=0 



then the matrix factorization l|97p is isomorphic to 



(98) 



® S (1%3,£'5)' 1 S ^( C ; X l ( ,(2 1 ,5))„( fe +i,i,i, fe ,i) 

j = Q ^(1, 2,3,4,5) 



{-fc + 2j}. 



94 



YASUYOSHI YONEZAWA 



Finally, we have 



k+ jL(7) 



A (l;6,7) ^ JV (8,6,4,3) ^ iV (2,7,5,8) 



V (D ©/ 



(99) 



(( A Kk 7 ) \ / »x 



X 



K 



\ \ A [M] I 

\ \ Jl fc+l,(l;6,7) / 
(I 



(fe,l) 
1,(6,7) 



V ^fe+1,1 ^fc+l!(6,7) / ) 



3/1 



.4 



[1,/c] 

1,(8,6,4,3) 



Ahk] 

^/c, (8,6,4,3) 



vv 



[l,fe] 

^/c+l,(8,6,4,3) 



(#1,8 - Xi, 3 ) / 



"(1,6,7) 

1,(8,6) 1,(4,3) \ 



X 



(1,/c) 



X 



(k,l) 



fc,(8,6) ^/c,(4,3) 



X 



(k-1) 
fe,(6,3) 



? (l,fc,fc,l) 

t (8,6,4,3) 



( ( 



A 



[i,i] 

1,(2,7,5,8) 



X 



(1,1) 



(1,1) 



1,(2,7) ^ v l,(5,8) 



,[1,1] 

*2,(2,7,5,8) 



K 



A 



[fc,i] 

i,(i;6,7) 



{Xl,2 ~ £1,8) 



X 



(i,-i) 

1,(7,8) 



{-fc+1} 



"(2,7,5,8) 



A 



[fe,i] 

fc+l,(l;6,7) 



/ y(^l) 
/ X M ^1,(6,7) 



x fe+l,l ^fe+l,(6,7) 



X 



(1,-1) 



{-fc+1} 



~ s 



-p;[fc+l,l;l,fc,l] 



(1,2;3,4,5) 



KlC-Xl 



(-MA 



(2,s); ( 



1,(7,8) 
{-fc+1}. 



Since the partial matrix factorization K I C; X^ 



-(-1,1) 



(2 ' 5) ^ 5 /< (6 ;3 1 ) ) > 



is decomposed into 



i?i 



fc-i 



Bfc(C) 



i?l 5 {l-n} 



7? 



15 



J=0 



then the matrix factorization (|99[) is isomorphic to 



fc-i 



(100) 



3=0 



i,i,is,i) {-fc + l + 2j}. 

(1,2,3,4,5) 
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For these decompositions (|93|) . (|96|) . ([98]) and (|100|) , the morphisms £+.1, £+,21 £+.3 an( I £+.4 °f the complex 
transform into 



£+.3 



/ Id-[*+i,iji,k,i] IEI (l,Xi ,2 — X\ ,3) Ofc_i (-I)*" 1 Id-=[jt+i,i;i,*»,i] 

(l,2iS,4,5) 

(-i) fc - 2 4:i:S, 4 )id 



F fe -i (H) 



+,4 



Id^[h+i,ni,*,ii E (1, (afi,2 - ^1,3)^+1^2,4)) °fe 



o fc 



Ffc (Id) 



Ofc_i 



Ffc-i (H) 



E k (Id) 



A l,(2,4) id 



A l,(2,4) 1(1 



Then, the complex ||SSJ) is isomorphic, in £ 6 (HMF^ (fc+I , 1|liM) _ i ) (u> 3 = F fc+ i(x[^ +1) ) + F^X^j) - ^(X^j) 



F fc (Xgj)-fi(X$)),to 



K (l,2,3,4,5) > W4 



-fe - 1 



M 3 {(fc + l)n} (fc + 1) 



Idja(l,a;i,2-a!i,3) 

— » M 4 {{k + l)n - 1} (fc + 1), 



where 



(101) 



A" 



Cfc+i 
c 



(-l,l,fc,l) 
1,(2,3,4,5) 

(-l,l,fc,l) 



^+1,(2.3,4.5) 

V (xi,a - *i,3)^fc,(a;4)- y i,(a,5) y y 



{-*-!}, 



? (fc+l,l,l,fc,l) 



(102) 



Ma 



K 



( 7 Cl \ 



Cfc+i 



"t-1,1 ^1,(2,3,4,5) 



X 



(-l,l,fc,l) 



Xk+1,1 ^fc+l,(2,3,4,5) 
^,(2,4)^1,(2,5) 



J J 



{-*}■ 



? (fc + l,l,l,fc,l) 

2,3,4,6) 
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By the way, we have 



/ CD ®\ 
fe+i i 



(103) 




/ ®\ 

Jk+l 1J 



fc+2 



>fc+l 

©/ 



{(fc + l)n} 
(fc+1) 



ri,fc+i] 



ai<i. 



(6(4,6) 



fe+1 




* fc 






fc+1 


fc^ 


— . 1 



©/ 



{(fc + l)n-l} 
(fc + 1) 



(104) 



(105) 



fc+2 
~ >fc+l 
1 fc^- 1 "^! 



D ©/ 

/ / ^1,(2,1,6,3) \ 



A' 



vv 



.4 



1/ 



[l,fc+l] 

fc+1, (2, 1,6, 3) 
[l,fc+l] 
fc+2, (2, 1,6, 3) 



/ ©\ 



'fc+1 




* fc 






fc+1 




1 — , 1 



©/„ 



K 



( ( 



w 



A 



( Y (k+i,i) _ Y (i,k,i) \ \ 

1 1,(1,2) ^1,(3,4,5) 1 



X 



(fc+1,1) 



X 



(l,fc,l) 



fc+l,(l,2) ^fc+l,(3,4,5) 
V ( x h2-Xl,3)X k+1{13) ) J 



{-fc-1}, 



Qio 



[l,fc+l] 
1,(2,1,6,3) 



4 [l,fe+l] 
fc+1. (2, 1,6, 3) 

u [1 ' k+1] fan o - 

"fc+2, (2, 1,6, 3) ^ 1 > 2 



/ ^(fc+1,1) _ j^(l,fc,l) 



,(1,2) 



^(fc+1,1) _ x 



1,(3,4,5) 
(l,fc,l) 



fc+1, (1,2) 



X 



(fc+1,-1) 
fc+1, (1,3) 



fc+1, (3, 4, 5) 



Qio 



where 



Q 



10 



:= R 



R 



(fc+i. i,i,fc,i, fc+i) 
(1,2,3,4,5,6) 

(fc+l,l,l,fc,l)x 



(1,2,3,4,5) 



Xl ,6 ^1,(4,5)' 



, £fc+l,6 



X 



(fc,i) 

fc+1, (4, 5) 



The right-hand side sequences ^xi,i — X^ ^s'ii's) ' 



, a;i,fc+ 



1 - X l+ 1 l',(2 fc 3 !i,5)' ^,(2,4)^1,(^6)) ° f the matrlx faC " 



torization M4 and |Xj 



X 



(i,fc,i) 

1,(3,4,5)' ' 



,x 



(fc+1,1) 

fc+1, (1,2) 



(l,fc,l) 



,X 



(fc+1,-1) 



(I105P transform to each other by a linear transformation over R(^^&£\ ■ Then, by Proposition 12.391 and 



fc+1, (3, 4, 5)' ^ v fc+l,(l,3) 
(fe+1, 1,1,* 
(1,2,3,4,5) 



of the matrix factorization 
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Theorem 12.43) we have 



/ © ©\ 



(106) 



Ma ~C 



'fc+1 


it 


* fc 


fc+i 


k r 


w 





©/ 



,(-l,l,fe,l) _ V (-l,l,Jt) y(-l,fe)\ 

-fc+1, (2, 3,4)^1,(2,5) ^ 
l fc+l, (3,4,5)' ^i. 2 ~ X 1.3^ A Ai+l,(l,3) J 



The sequences Aei,i — x[ ^ 3 '4 '5)5 ■ ■ • i ^l.fe+i — ^t+l'pTi 5)> "-^t+l'p's 4)^1 (25) J °' 1I '" , ' , :|X lactorizatinn 

M 3 and - * h ( 3 ^ 5 y * k +l,(l,2) 

(|104p also transform to each other. We have 



X,' 1 '?'!' a ^\Axi — x\ 3)xf^"tVi i\ ) of the matrix factorization 



(107) 



/ © ©\ 

\ k+l lj 



M 3 ~C 



fc+2 
fc+1 
1 



f l fc+ 

I 1 fe H^ . 
v ® ©/ 



Thus, in /C fc (HMF 9r (HljU . M) ), we obtain 

xt. 



(1,2,3,4,5) '" 4 




Proof of Proposition I5T91 (4). The complex for the diagram 
izationsof /C b (HMF 9r (fc+1 ,, lifcil) ), 

K (l,2,3,4,5) '"4 

/ ©\ 

k+l 1, 




□ 



is described as a complex of factor- 



(108) C 




V © 0/ 

fc - 1 



fc + 1 



/ © ©\ 

fc+^ /^s |l 



/ ©\ 

fe i^L(7) 



{-(fc+l)ri+2} 
(fc+1) 



fI-,1 
U-,2 




{-(fc+l)n+l} 
(fc + 1) 



v © © ©/« 



V © © ®Jn 



( © ©\ 

fc i© 



{-(fc+l)n+l} 
(fc + 1) 




(£-. a> £- 



{-(fc+l)n} 
(fc + 1) 
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By the discussion of Proof of lemma [5791 (3), we also have 



(iosg 



/ ® © \ 

k+ JL@ 



V ® ©7 
/ ® ®\ 



(naj 




V ® ©/ 
/ ® ®\ 



(in? 



V © ©/ 
/ ® ©\ 

k+ 



(1125 




V © 0/ 



-[fc + M;i,M] M ~ 
A (l,2;3,4,5) MA 



( C ' X 1,(2, 



(2 ' 5) ^5/(X<^> 



{-fc+1}, 



A (l,2;3,4,5) MA 



(c ; ( 



' QB/ < X fc,(6,3)> 



-V,2;3,4,5) ^ K 



( c > x l,{li]) 



Qs/((xi,s-xi,3)xl k i-l]) 



{-*}, 



S 



[fe+l,l;l,fc,l] 
(1,2;3,4,5) 



\k(Coi(xi,2-xi, b )xI£$) 



(2 ' 5) ^Q5/<(^l,S-Xl,3)X< fc (6 -l»> 



{-k-l}, 



The partial matrix factorization K [C;X; i 



of (|109p is isomorphic to 



Rlt > Rib{1 - n} — — * i?i 5 

j = "(1,2,3,4,5) 

The partial matrix factorization K (Co; (21,2 — 2i.g)xj (2 5) ) / (* -i> °^ i s isomorphic to 

O 5 / ^fc,(6,3) ) 



i?i 4 >■ i?i5 j 3 — n \ R\a 

fe-1 



xr(-l.fc) ' X l(2A) X l,(2,l) ) ® A ( C ? ^1,(2,5)) „(fc+i,i,i,fc,i) Wt- 

A fe,(2,4) / B (k+l,l,l,k,l) i = l "(1,2,3,4,5) 

"(1,2,3,4,5) 

We consider an isomorphism of Q5 j ((i'i.s — £1, 3)^*6 3)) to be 

p ._ p (fc+l,l,l>fc>l) m /_ _ v B (*+l,l,l,*,l) ffi ffi _k-2/'_ -r N R (fe+l,l.l,fc,l) x (-l,l,k -1) R (fe+l,l,l,fe,l) 

Kl6 — «( li2 ,3,4,5) ® _ ^l,3j-K (1)2 ,3,4,5) ® ' 1 1 ® X l,8 l^M ~ ^l.Sj-Kji^^^.S) ® A fc,(2,3,4,8) K (l,2,3,4,5) ' 

D D (fc+l,l,l,M) ~ / \ D (fc+l,l,l,fc,l) 

itl7 :~ ^(1,2,3,4,5) ® 1^1,2 - X 1,S) K (1,2,3,4,S) 

rx^l \l v D (i+l,l,l,fc,l) m ^ fe-2/" \/ \ D (fc+l,l.l,fc,l) 

©(21,8 - 2i, 3 )(2:i,2 - ^1,8)^(1,2,3,4,5) © • ■ ■ © 2 18 (2i, 8 - 2i, 3 )(2i, 2 - 2i, 8)^(1,2.3,4.5) • 
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Then, the partial matrix factorization K ( C;X[ (I'll) , (k _ n of (| 1 1 1[) is isomorphic to 

A ' ; ^05/((xi,8-Xl,3)X^ ( ' Si3 p 



i? 



16 



E k+1 (C) 



R 16 {1- n} 



E k+ i(x , 2 J: 1 ') 



i? 



i(> 



3=0 



(1,2,3,4,5) 



The partial matrix factorization K (Co; (#1,2 — ^l.s)^ ^5] 



'((*i,«-xi, 8 )^ e -;g> 



of (|112[) is isomorphic to 



#17 





c 



(2:1,2-3:1,3)^ 



25*(C)' 




i?i 6 {3 - n) 



Is, (2,4) 



U (£1,2 -^1,3^^(2,4)^1,(2,5) 



A" 



(TT^y; 1^1,2 ~ ^l,3M fei (2 ,4) A l,(2 ,5) 



,(fc+i,i,i,fc,i) i=i 

(1,2,3,4,5) 



Then, the matrix factorizations (|109| . (j 1 1 0[) . and (|1 12[) arc decomposed as follows, 



/ ® ©\ 



(!) 



V (D ©/ 
/ ® ©\ 

|l 




V (D ©/ 



fc-i 

J'=0 



"(1,2,3,4,5) 



■^[fc+l,l;l,fc,l] / C (-l,fc) (-1,1) 

^(l^;^) 1 ^(_i,fc)'^-fc,(2,4) ^-1,(2,5) 



X 



{-k} 



fc,(2,4) 



? (fe+i,i,i,fe,i) 



fc-1 



,;=i 



V © 0/ 

/ © ©\ 



k+l> 



© 



V © © ©/ 



J=0 



-[fc+l,l;l,M] „ 
<-'(l,2;3,4,5) ^ A 



l (l,2,3,4,5) 



c 



p(fc + l,l,l,fc,l) 



l '(l,2,3,4,5) 



e^:,':;:-"' * K (C;XW) M {-*-! + 2 i} . 
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For these decompositions, the morphisms £_ 1 , £_ 2 , £_ 3 an d £- 4 °f the complex (| 108[) transfori 



?-,2 
C-,3 



O/c-1 Id-^[fc+l,l;l,fc,l] 

, - , (l,2;3,4,5) 

£7 fc _i(Id) 'Ofc-i 



Sfc-l(Id) *Ofc_! 



Ofc-l 
Ofc-l 



Id 



/ Id=[h+i,ia,*,i] ^ (#1,2 - xi 3, 1) 
Id,[*+i.i.-i.*.ii Kl(-1,-Jrha , 2) 

*Ofc-l 



Ofc \ 
Ofc 

^fe-i(Id) / 

(-i,fe) 



Ofc Id-s[h+i,m,*,i] ^ ((^1,2 - xi t 3)X> ( '.L 1) 

a (l,2;3,4,5) " ' ' 



S fe (Id) 



Ofc 



Then, the complex (fT08|) is isomorphic, in A: b (HMF 9r (fc+1 [U1) ), 

fl (l,2,3,4,B) ' >" 4 



to 



fc + 1 



Id-g-lil(xi,2-a:i,3,l) 

M 4 {1 - (fc + l)n} (fc + 1) M 3 {-(ft + l)n} (ft + 1). 



Since we have 



M 3 ~C 



fc+2 



I 1 fe H^ , 

v ® ©/ 



,M 4 ~C 



'fc+l 




* fc 








fc^ 





V CD ©/„ 



thus we obtain 
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Proof of Proposition I5T91 (5). The complex for the diagram \ ± 



izationsof K b (RMF% k ^ 1>k+1) ), 



is described as a complex of factor- 



(113) C 



(® © 
if 

fc - 1 





{(fc+l)n} 
(fc + 1) 




-fc+1 



{(fe+l)n-l> 
(fc + 1) 



(c +,3,0"+ ,^) 



\ 



{(fe+l)n-l> 
(fc + 1) 



©^ 



fc+1 



{(fc+l)n-2} 
(fc+1) 



By Corollary 12.481 we have 




if 



I fc+i 

V® © /„ 



/ / y[k,l) \ 
1 1 V l,(7,8;5) » 



v fc+l.(7,8;5) 
[1.*] 

\ \ U fc+l,(6,l,7,4) / 



' A l,(7,8) ~ Xl - 5 » » 



^fc+l,(7,8) x fc+l:5 



{-2fc- 1}, 



u /-> D (fc,l,l,l,fc+l,l,fc,l) I / v (l,k) 

where Q 6 = ^ li2)3)4i6i6)7>8) / \ X i,( 6 ,i) 
Qq I ((2:1,3 — xifi)X^"^ 2 gj 1 } has equations 



X 



(fc,i) 



X 



(i,fc) 



1,(7,4)' ■ ' ■ ' ^fc,(6,l) 



X^ , X^L - XH\, ) ■ The quotient 



fc,(7,4)' 1,(3,2) 



L l,(8,6)/- 



Xjj = X 



(fc-i.i) 

.7,(1,4,6) 



^•1,8 — ^1,(2,3,6)' 

^ \v(l,-l) 
(Xi ; 3 — 2 : l,6j A lj (2 ) 6) 



(1 < 3 < k), 



= 0. 



Then, the matrix factorization (|114p is isomorphic to 



K 



V, 



[fc,i] 



r, 



1,(7,8;5) 
[fc,l] 



\ / v (fc,l,l -1) \ \ 

A l, (1,2,3,4) _2; 1,5 



y(fc,l,l,-l) _ 

^■fc+l, (1,2,3,4) x k+l,5 

r(k,-l) 



fc+l,(7,8;5) 

[l,fc] r,[il] / v y^,- LJ 

\ \ U k+1, (6,1,7.4) ~ l/ fc+l,(7,8;5) / \ 1*1,6 ~ *M^k,(M) / / Qe/^i.a-^.e)^^) 



{-2fc-l}. 
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By Corollary 12. 44[ there exist polynomials D\, . . . , -Dfc+i G ^(i 2 3 4 5) +1 ' 

such that Dq(x\.q ~ x i,±) = D £ ^(its'l'') an< ^ we have an isomorphism to the above factorization 



and D e Qe j ((2:1,3 - %i,6)X^ 2 ^) 



(115) 
where 



— [fc,l,l;l,fc+l] 



5 



(1,2,3;4,5) 



K (D ; (0:1,6 - xi, i)X k ' 



(fe,-i) 

(1,4) 



=p[fe,l,l;l,fe+l] 
'(1,2,3;4,5) 



K 



II D 1 \ 

D k+1 
VV D o J 



Qe/ ((xLs-ii^Jxj^jj) 



{-2fe-l}, 



/ y (fc,i,i,-i) 

^1.(1,2,3,4) 



Xl,5 



y-(fe,l,l,-l) _ 

k+1, (1,2,3,4) x fc+l,5 

1 \v(M,-x) 
\ {x lfi - x 1A )X k (1A) J J 



-,(^,1,1,1,^+1) 



We consider isomorphisms of Q§ j ((2:1.3 — x±,o)X^ 2 as R^' 2 3 '^'g-^-module 

x D (fe,i,i,i,fe+i) 

iilS ■— -"-(1.2,3.4.5) ^ ^1,6 — X IA)" 
Rl9 



,-,(&, 1,1,1, fc+1) , 

-"(1,2,3,4,5) * l x l,6 ^l^^^! 2 3 4.5) , 

D (fc. 1,1.1, fc+1) » / . N D (fe, 1,1.1, fc+1) 

^(1,2,3,4,5) ©0*1,3 + 2:i,3 -H,4- 11,6)^(1,2,3,4,5) ' 



The partial factorization K (^Dq; (2:1,6 — sci^-X^*^ 4) J 



Qe/ {(xi, 3 -x 1: e)X^ 2 ^) 



is isomorphic to 



R 



18 





D 

(2:1,4— xi, 3) (a: 1,4— 2:1,3) 



D 




i?i 9 {2fc + l-n] 





(fc,-i) 

fe,(l,4) 



/ X «■(*!, 1,-1) 



R 



18 ■ 



Then, the matrix factorization (|115| is isomorphic to 



(116) 



-[fc,l,l;l,fc+l] 
*(1,2,3;4,5) ^ A 



(xi, 4 - Xi, 3 )(a:i,4 - Sl,3) 



; (a:i,4 - ^1,3)^,(1,2,4) 



^^®K(D;X^ 



fc,(l,4) J „(fc, 1,1,1, fc+1) 



{-2fc + l}. 



? (fc, 1,1,1, fc + 1) 



{-2k- 1} 



By a similar discussion, we obtain 



(117) 



(118) 



(119) 



(® ® (D \ 




, * — 1 — 
fc+i 



V® © J 



-[fc, 1,1:1, fc+1] 
'(1,2,3;4,5) 



Wfc,l,l;l,fc+1] 
* (1,2,3:4,5) 



-=[fc,l,l;l,fc+l] 
"(1,2,3;4,5) 



(D; X 



fe ' (1 ' 4 VQ6/<(x 1 ,3-Xl, 6 )X<^)) 



{-2fc}, 



K (d ; (xi, 6 - a:i,4)xg' ]Jj / { 

V v >' Qe/ (X 1(2 6) ) 



-2*}, 



(fc,-i)A 



(M) ^a/<X<^>) 



{-2fc+ 1}. 
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The partial factorization K (^D; xj_ k 



(k,-l)\ 



( 1 ' 4) /Q 6 /((x 1 ,3-xi, 6 )^ 1 ( ^ ) ) ) 



R 



18 



i?i 8 {2fc - 1 - n} 



D 
D 



Then, the matrix factorization (|117[) is decomposed into 



X 



(fe,-i) 

fc,(l,4) 





of pi7p is isomorphic to 
*■ #18- 



X 



(120) S^£^Mk(D;X^ +i) 

"(1,2,3,4,5) 

Since the quotient Q$ I (X^L ^) has equations 



{-2fc}®S 



-=[fc,i>i;i,fc+i] 



(1,2,3;4,5) 





(fc,-l) 

fc,(l,4) 



K D:X 



(fe,-l) 

fe,(i,4) y B (fc,i,i,i,fc+i) 



{-2fc + 2}. 



(1,2,3,4,5) 



x-7 =X {k ' 1 '~ 1) 

J ' 7 " j,(l,2,4) 
%1,8 = 
Si, 6 = Xi.2, 



(1 < J < *), 



we have Qe j (X^ 
(121) 



(i-i) \ 

(2,6) ^ 



^(12345) • Then, the matrix factorization (|1 18[) is isomorphic to 



"(1,2,3,4,5) 



and the matrix factorization Q119p is isomorphic to 



-=[fc,l,l;l,fc+l] 



D 



(122) s^'X^r ® K ( ^„1^. ; ^ - a; i.*) Jf f(M) ) {~ 2fc + x >- 



»1,2 - ^1,4 



? (fc,l,l,l,fc + l) 



(1,2,3,4,5) 

For these decompositions, the morphisms (J+.i, cr + ,2, ^+,3 and ct+,4 of the complex (jl 13[) transform into 

Idj,[k,i,i;i,h +I ] M (1, (xi 2 - xi ,4)(ari ,3 - ^1,4)) 



^+.2 

^+.3 
^+,4 



J (l,2,3;4,5) 







Id 



IcUiM.ia.k+i] S (1, X1.3 - xia), Ids[«,,i,iii,fc+ij IE (112 - 0:1,4, 1) 

'-'(l,2 1 3;4 1 5) '"'(l^^^^) 



Id, Id, 



[fc,l,l;l 



, k+ i] Kl (112 - 0:1,4,0:1,2 ^ 0:1,4) 



-IcU[k,i,i|i,fc+i] IEI (1,0:1,2 — 0:1,4). 



Then, the complex (|113[1 is isomorphic, in K (HMF 9 \ k A 

-^(1,2,3,4,5) 

-jfc-l 



to 



Id-^(l,a;i, 3-2:1,4) 

M 5 {(fc + l)n} s >■ M 6 {(k + l)n - 1} 



where 



We hnd 



— -^[fe.i.iii.fc+i] 



5 



(1,2,3;4,5) 



(Xi, 4 - ^1,3)(^1,4 - a:i, 3 ) 



; (0:1,4 - x 1<3 )X 



(fe,i -1) 

fc, (1,2,4) 



? (fc,i,i,i,fc+i) 

'(1,2,3,4,5) 



{-2fc-l}, 



(1,2,3,4,5) 



/CD © 

4 A 

fc 1 



Mr 



fe+2 



(l fc+l| 

V0 © / 



/© © 



M fi 



k 






< fc 


(l 


fe+1 



V® © / 
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Thus, we obtain 





(' 












c 
















V 


1 fc+ll 


J 


n 


\(l k+\ 


) 



□ 



Proof of Proposition I5T91 (6). The complex for the diagram 




is described as a complex of factor- 



izations of /C 6 (HMF £ 



? (fc,l,l,l,fc + l) 
*(1,2,3,4,B) 



), 



(123) C 




1 ©' \k+x 

v® © / 

k - 1 



f® 



v® 



fc-1 



\ 



ill 



fe+1 



{-(fc+l)ri+2} 
(fc+1) 



fc + 1 



(® © ® \ 



Jo— 1 



12 











{-(fc+l)n+l} 
(fc + 1) 



fe+1 

v@ © m ^» 

(® © ® \ 



/© © 





(fc + 1) 



{-(fc+l)n+l} 
(fc + 1) 



/c+1 

V® © /„ 
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By the discussion of Proof of Proposition 15.91 (5), we have 



(® © ® \ 



(124) C 



6 



(125) C 



(126) C 



(127) C 



(® 



-^[fc,l,l;l,fc+l] 
: ^(1,2,3;4,5) 




-[fc,l,l;l,fe+l] 
'(1,2,3:4,5) 



-=[fe,l,l;l,fc+l] 
, - , (l,2,3;4,5) 



-^[fc,l,l;l,fc+l] 
*(1,2,3;4,5) 



K 



D 



Xl,2 ~ XlA 



; (xi, 2 - ^i,4)^ fe (1 jj 



? (fe,l,l,l,fe+l) 



{-2fc+l}, 



A \ IJ >- A -k,(l,4) } r> III , v (i,-i). 



{-2fc}, 



v ' v ;/ Qe/<(a:i > 3-2;i,6)^i i(2i6 )> 



K D, 



{-2fc-l}, 



where Q 6 = ^h^ 1 * 1 ' //x?;^ - X (W) 



"(1,2,3,4,5,6,7,! 



y-(l,fe) _ y-^n,,^ Y" 1 -" 1 '" 1 ^ 

1,(6.1) ^1,(7,4)' "' ' fc, (6,1) A *,(r,4)' A l,(3,2) A l,(8,6)/ 



torization A (_D ; (2:1,6 - x ia) x I\(i,1) )q y (( 



CM) Xl (1 ;il,V The partial fac- 



of (|127p is isomorphic to 



-Rl8 





D 

(Kl,4— Xl )3 )(xi,4— Xl, 3 ) 







i?ig{2fc + 1 - 





(fe-1) 

fe,(l,4) 



(Xl,4 — 2Il,3)X fe A' 



(fe,l -1) 
(1,2,4) 



Then, the matrix factorization (|127| is isomorphic to 



(128) 



o[M,i;i,fc+i] „ „ 

*(1,2,3;4,5) ^ A 



(xia - 2:1,3X2:1,4 - 2:1,3) 



fe,(l,4) y j^(k, fc+i) 



/ Sv .(fc,l,-1) 

; (2:1,4 - ^i,3;^ fei (i )2l 4) 

{-2fc + l}. 



? (fc,l,l,l,fc+l) 



{-2k- 1} 



The partial factorization A" I Z?; X 



-(k,-l)\ 



of p25p is isomorphic to 



i? 



19 



D 
D 



i?i 9 {2fc - 1 - n} 



X 



(fe,-i) 

fc,(l,4) 

X 



J? 





(fe,-l) 

fe,(l,4) 



!!)■ 



Then, the matrix factorization (|125[) is decomposed into 



(129) ^is^r^^^^S!:!;)^,,,,^ 



fc,(l,4) J p(fc,i,i,i,fc+i) 



{-2fc + 2}. 
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For these decompositions, the morphisms cf-,i, ^-,3 an d &—,A of the complex (|123[) transform into 



/ Id-5[fe,i,i ; i,jt+i] Kl (— a 4, — Xi 9 + ^1,4) \ 

D (l,2,3;4,5) 

Id-=[fc,i,iji,k+i] ES (xi 2 - xi 4) 1), 

( Id^[fe,i,iii,fe+i] IE1 ((xi,2 -xi,4)(a;i 3 — xi,4),l) 
\ Id 
/ Id ?[ fc,i,i i i,*+i] IEI (£1,3 - 0:1,4, 1) \ 

_ (1,2,3;4,5) 

\ Idw[fc,i,i,i,fc+i] (— 1, — 0:1 2 + £1,4) / 



Then, the complex p23]) is isomorphic, in IC b (HMF 9r (k l l l k ^ 



to 



,W5 



M 6 {-(fc+l)n + l} 



I<J^ISI(l,Xl,3-Xi,4 



M 5 {-(fc + l)n} 



where 



— -^[fe.ijiiijfc+i] 



M 5 
M 6 



S 



-=[fc,l,l;l,fc+l] 
^(1,2,3;4,5) 



D 







j^Ck.i.i.i.M-i) { 2fc }' 



'(1,2,3,4,5) 



{-2k -1}, 



Thus, we obtain 




□ 
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izations of /C b (HMF^ r (fc a a x fc+1) ), 




Proof of Proposition I5T91 (7). The complex for the diagram \ 1 k+1 \ 
n9. 



is described as a complex of factor- 



(130) C 



(® © © \ 

V 




(® © 

fcA M 

fc+1 



© 



1 fc 



{(fe+l)n-l} 
(fc + 1) 



fc+l 

V0 ©^ / 

/© © (D \ 



-fc + i 



/© © 



(r +,3,T+ ,^) 




© 



1 fe 



fc+1 



{(fc+l)n-2} 
(fc+1) 



{(fe+l)n-l} 
(fc + 1) 



V© © In 



By Corollary 12.481 we have 
/© © © \ 

(C3L) ^rrT^l® 
V© © /„ 



A" 



' ' V l,(7,8;5) » 



V [1M 
^fc+l,(7,8;5) 
[1,1] 

\ \ U fc+1, (6,1,7,4) / 



' A l,(7,8) _ ^-5 



^+1,(7,8) x fe+l:5 



{-2k -1}, 



where Q7 = R 



(i,fc,i,i,fc+i,i,i,fc) 

(1,2,3,4,5,6,7,8) 
(fc-l)\ 



y {l,l) _ Y (l,l) Y (hk) _ „(fc,l) Y (l,k) _ x (k,X) \ T , . 

^1,(6,1) ^1,(7,4)1^1,(3,2) ^"1,(8,6)' ••• '^fc,(3,2) k,(8,6) / ' misqilOlienc 



?7 / ((a?i,3 - a; i J 6)-^jfc,(2,6) ) nas equations 



Xl < 7 — ^1,(1,4,6)' 



XjB = X 



(fc,l,-l) 

.7,(2,3,6) 



(1 < J < fc), 



(a;i,3 - ^1,6)^(2,6) = 0. 



Then, the matrix factorization (|131[) is isomorphic to 



K 



r, 



[i,fc] 



r, 



1,(7,8;5) 
[l,fc] 



\ / r (l,fc,l,-l) \\ 
> ' A l, (1,2,3,4) ~ X l,5 > > 



fc+l,(7,8;5) 
\ \ "fc+1, (6, 1,7,4) r fc+l,(7,8;5) / 



y-(l,fc,l,-l) _ 

k+1, (1,2,3,4) x k+l,5 
-(1,-1) 



{-2k- 1}. 



I {x lfi -xiA)X{: > jj / ,„ C fc,-i)s 
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By Corollary 12.441 there exist polynomials Gi 

-,(l,fe,i,i,fe- 

''(1,2,3,4,5) 
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(l,fc,l,l,fc+l) 



- G 



fe+i 



e R 



(1,2,3,4,5) 



and G € Q 7 / ((x 1)3 - Xi )6 )X^ 2 ^) 



such that Go(a;i i 6 — 2:1,4) = G £ a 'I'hi an d we have an isomorphism to the above factorization 



(132) 
where 



-=[l,fc,l;l,fc+l] / > y (l,-l) 

<S(l,2,3;4,5) ^ A ( G o; (^1,6 " ^lA) X l,ll,4) 



n v (h, — 1), 



5 



[l,fc,l;l,fe+l] 
(1,2,3;4,5) 



A' 



VV Go / 



Qr/(( 
,fc,i,-: , 

1,(1,2,3,4) — ^i. 5 



{-2fc-l}, 



(( G X \ ( X^'^-x^ \\ 



v (i,*,i>-i) _ 

-^fc+l, (1,2,3,4) ^fc+1,5 

D(l,fc,l,l,fc + 1) 



We consider isomorphisms of Qj / ((0:1,3 — xi.6)X^' 2 gj) as '^^'^^-in 



L (l,2,3,4,5) 



R 2 



R 



(i,fc,i,i,fc+i) 



1-1) _ 7 

■^(l, 2,3,4,5) 

The partial factorization K (^Gq; (xi t e — xi_i)X^ 1 



(i,fc,i,i,fe+i) 
3,4,5) ' 



T> ._ R (l,fe,l,l,fe+1) ^ p(l,fe,l,l,fe+l) 

-K21 ■— -"-(1,2,3,4,5) © ^l.e-fy 



a> ^.fc-l p (i,*,X>i,fe+l) m y(fe,i,-i,-i) R (i,fc,i,i,fc+i) 

■ w ^1,6 "(1,2,3,4,5) w ^fc,(2,3,4,6) "(1,2,3,4,5) 

/ (A,- -i) ^ S isomorphic to 



i? 



20 



*O fc 
G 

,(fc,i,-i) 



S fe (G) 



i?2i{3- ?l } 



\ fe + l,(2,3,4) 

Then, the matrix factorization (|132| is isomorphic to 

G 



OA- 



(2:1,3 - xia) x I+i,(i 



(l,fc,-l) 

2,4) 



1? 



20- 



(133) 



*(1,2,3;4,5) H A 



e ? [l,fe,l;l,fc+l] 
<- 5 (i,2,3;4,5) 



X 



" / i r m,-i) 

(fe,l,-l) ' ^i' 3 ^M^fc+l, (1,2,4) 
fe+1, (2,3,4) 



{-2fc- 1} 



? (l,fe,l,l,fe + l) 

^l, 2,3,4, 5) 



G;X[]{~1]) W1) {-2k + l + 2j}. 



By a similar discussion, we obtain 



(134) 



(135) 




-[l,fc,l;l,fe+l] 
'(1,2,3;4,5) 



\k(G;X1 1 '- 1 )) 



7 1 {(.Xl,3-Xl, B )X < k k ' 2 l ) ) ) 



{-2k}, 



,[l,fc,l;l,fc+l] 
'(1,2,3;4,5) 



\K 



(Gq; ( 



Xl,6 ~ Xi A )X[ 



(1,-1) 



(I, 4 ) In I lv {k '-^\ 



{-2k}, 



\® © 

(® © c 



(136) 



® 



i 



fe+i 



-^[l,fe,l;l,fc+l] 
: *(1. 2 >3;4,5) 



K G-X 



(i -iA 



^•^Qt/^^) 



{-2fc+l}. 



V0 © / 
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The partial factorization K (G]X^ , ,~ 1 J\ of (fT3"gp is isomorphic to 

V A - ' ^ Qt/ ({xi, 3 -x 1:6 )X { k '' 2e >) 



i?2f) *■ -R20 1 1 — r *" -^20 • 



Then, the matrix factorization (|134p is decomposed into 



fe+i 



( i37 ) ©^sjt 1 ^(^^jl^i,^ {- 2fc + 2 J}- 

j=0 "(1,2,8,4,8) 



The quotient Q7 / (X^ 2 <$)) nas equations 

-(1.1,-1) 



^1,7 — ^-1,(1,2,4) ' 



fc,(2,6) — Ui 

We consider isomorphisms of Q7 (X^ 2 gj) as an '^'^^-module 

D D (l,fc,l,l,fc+1) - , \ D (l,fe,l,l,fe+1) „ » fc-2^ \ D (l,fe,l,l,fe+1) 

^22 := #(1,2,3.4,5) © 0*1.6 ~ X hi) R (l, 2,3X5) © ■ • • © ^1,6 0=1,6 ~ ^m)^^^ > 

p ._ R (l,fc,l,l,fc+1) R (l,fc,l,l,fc+1) fe_2 R (l,fc,l,l,fc+l) y (k -1 -1) R (l,fc,l,l,fc+1) 

^23 •— -"-(1,2,3,4,5) W J ' 1 .6 ft (l,2,3,4,5) W ' ' ' W X l,6 rt (l,2,3,4,5) W yS -fe-l,(2,4,6)' rt (l,2,3,4,5) ' 

The partial matrix factorization K (Gq; (aii,6 ~ X\,±)X^', X ^ J J , (fc _ 1} of (|135[) is isomorphic to 



i?22 >" #23 {3 - ri] > i?22 

( V Ek - i{G) ) l °- *K:<w) 4 



G 



.(1,4)- 

fe-1 



y\ 

fc,(2,4) / „(i,fc,i,i,fc+i) i=l 

"(1,2,3,4,5) 



and the partial matrix factorization K {G;X^~L ^ j J . _ of (|136|) is isomorphic to 

' l ' ^ 07/ (^"fe,(2,6)> 



#22 ~ . » i?22{l - 71 } ~ > #22 



fc-i 



S^fe^-lJ) >fc+I) {-2fc + 2,} 

j=0 "(1,2,3,4,5) 
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For these decompositions, the morphisms t+i, t +i 2, t+.3 and t +! 4 of the complex (| 1 30[) transform into 



r +,i 



T +,2 



r +,3 



r +,4 



V *o fe S fc (Id) 

/ Id t? [ I ,fc,i,i,fc+i] El (l,a?i,3 - ^1,4) o k -i 



s 



[l,fc,l;l,fc + l] 
(1,2,3;4,5) 



(^(2,4) ' 1 ) \ 



(-l)^Id- 



l t fe,l}l,fe + l] 



Ofc-l 



E k -i (Id) 



Id, 



r(fc,-l) 

•fc-l,(2,4)'' A fc- 
.(fc,-l) Y (k~l) 



1 Id^[l,h,l;l,fc+l] IEI (X^ i),^ (2 ,4)) \ 



^fc(Id) 



Id,[l, fc ,l;l,fc + 1] IE (X) 
^(1,2,314,5) 



(fe-1) x (k,-l) 



(2,4) ' ^1,(2,4) 



Id^[i,*,iii,fc+i] (1, X fe fc / 2 ^ ) Ofc_i 



l o fc _i 



Bfe-i(Id) 



Then, the complex (T3Dj) is isomorphic, in /C & (HMF 9r 



(l,fc,l,l,fc + l) 



to 



-k - 1 



M 7 {(fc + l)n} 



Id- 



3(1, xi, 3-2:1,4) 

^ ^ M 8 {(k + l)n - 1} 



where 



-p;[l,fc,l;l,fe+l] I G , ^(l.fc.-l) 

^7 ^ ^(1,2,3;4,5) (fc,!,-!) ~ ,2,4) 

fe+1, (2,3,4) 



{-2fc-l}, 



(1,2,3,4,5) 



^l.fe.ia.fe+l] [ g , v(l,fc-l) 

*(1,2MS) ^ A I ^(fc,-l)' A fc+l,(l,2,4) 



X 



{-2k}. 



fc,(2,4) 



? (i,fc,i,i,fc+i) 



We have 



Thus, we obtain 



Af 7 



(® © © \ 



fc+2 



(i 

V0 © J 



(® © © \ 

tl 



A/; 







( 








1 X ; 






i fc+il 


J 


n V 




\li fc+il /„ 
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Proof of Proposition I5T91 (8). The complex for the diagram 




is described as a complex of factor- 



izations of K. (HMF 



gr 



), 



(138) C 




(® © © \ 

kl 
© 



1 fc 



v© 



fc+1 



{-(fc+l)n+2} 
+ 



/© © © \ 



T-,1 
T-,2 




{-(fc+l)n+l} 
(fc + 1) 



fc+1 

(® © © \ 



fc A A l 

[fc+1 



f — — > 
l fc 



V© © i 



{-(fc+l)n+l} 
(fc + 1) 



fc + 1 




{-(fc+l)n} 
(fc+1) 



By the discussion of Proof of Proposition 15.91 (7), we have 



(139) C 



(® © © \ 
kt 

© 
© 



l fc 



fc+i 



V® © ) 

I® © © \ 



(140) C 



(141) C 



(142) C 







Jk+\ 


1 


© r 


fc}( 




© L 


) 

|fc+l 


V® ( 


D 


(® © 


© 


i 1 


k kk_ 

Mr- 


Ai 

Jk+l 






3 


1 




ifc+i 



v® © / 



-[l,fc,l;l,fc+l] 
• *(1,2,3;4,5) ^ K 



{-2fc+l}, 




A (l,2,3;4,5) MA 



( g ;^mm)) ( 



lT/((*l.S-*1.6)-y^) 



{-2fc}, 



*(1,2,3;4,5) MA 



(005(3:1,6-0:1,4)^(1,4)) / /3r c*.-xj. {" 



2k}, 



' ^(l'a.S;^ 11 H # ( G o; (Xl,6 - ^1,4)^1^1,1)^/ 



<(aJi,3-xi, 8 )X^ 2) ^) 



{-2fc-l}, 
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wWo CI - D(l,fe,l,l.*+l.l.l,fc) // _ y-(l,fc) _ y^' 1 ) yC-»^) \ 

wlieie V7 — -^(l, 2, 3,4,5,6, 7,8) /\ vi l,(6,l) A l,(r,4)' A l,{3,2) 1,(8,6) ' ■ 1 ' ' A k,(3,2) ^k,(8,6)/ 

The partial factorization A" ( G; xj 1 ^'"^ J (fc _ 1} of (|139p is isomorphic to 

i?23 *" #23 {1—77.} R23 

k-l 

~ 0^(G;Xg-g) W1) {2j}. 

j = "(1,2,3,4,5) 

Then, the matrix factorization (| 1 39[) is isomorphic to 



k-l 



(143) e^ssr 1 * *(g;*&~$^ iW *i> {-2fc+i +2j }. 



3=0 



"•(1,2,3,4,5) 



The partial matrix factorization K (Go; (#1,6 ~ xi^X^L ^? J . (fc _ t) of (| 140|) is isomorphic to 

i?22 >" #23 {3 - ?4 *- i?22 



fc-1 



fc,(2,4) / fl (i,fc,i,i,fc+i) i=l 



(1,2,3,4,5) 

Then, the matrix factorization (|140[) is isomorphic to 

\ ft, (2,4) / B (i,k,i,i,M-i) 

-"(1,2,3,4,5) 

®©4i;a5Jr ] ^(g;^) s(w ,, w , {-2^+2.}. 

j=l "(1,2,3,4,5) 

We consider isomorphisms of Q7 y/ ((0:1,3 — x\fi)X^^ gj) as an iJ^'^'g^'g^^-module 

D R (l,fc,l,l,fc+1) / v R (l,fc,l,l,fc+l) 

-"24 •- -"(1,2,3,4,5) ^1.6 ~ X M J-"(l,2,3,4,5) 

\ / \ D (l,fe,l,l,fe+1) _ _, k-1, \ / n D (l,fe,l.l,fc+1) 

$(ll,3 " ll,6j R,6 - s M)^(i'2,3,4,5) ©■■■©3a, 6 (^1,3 ~ Zl,6) (^1,6 ~ £l,4j-"(i 2 3 4 5) ; , 

p _ p(l,fe,l.l,fc+l) / V p(l,fc,l,l,fc+l) k-2, N p(l,fc, 1,1. fc+1) 1,-1.-1) p(l,fc, 1,1, fc+1) 

■n-25 •— -"(1,2,3,4,5) W \ Xl > 3 ~ x l,6j-«(i, 2,3,4,5) W • ■ ■ W X l,6 l x l,3 ~ ^1,6 J-«(i,2,3,4,5) W A k, (2,3,4,6) -"(1,2,3,4,5) • 

The partial factorization K (G; X^L 1 ) J of (fHTj) is isomorphic to 

V A ' '/ Qt/ ((Sl,3-Xl,6)^, ( ' 2 6) ') 



#25 - ._. > #2 5 {1 " n} -— £ i?25 

e^- v ;'/i.; ) //: ..:. :: .-. ra} 



3 =0 "(1,2,3,4,5) 

Then, the matrix factorization (| 141 [) is decomposed into 



(145) ©^tw^r^ {-2fc + 2j}. 

J= "(1,2,3,4,5) 
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The partial matrix factorization K (Go; (^1,6 — %i,4,)X^!, ^) ) . of (|142[) is isomorphic to 

v ' J ''Q7/((a:i,3-a:i,e)-X'i,(2,6)) 



-^24 



*o fc S fc (G) 

G 



A 



Oft 



fc + l,(2,3,4) 



i? 25 {3 - n} 



Ofc (^1,3-^1,4)^+1,(1,2,4) 



i?24 



Oft 



if 



G 



(fc,i -1) 



A' 



-; (xi,3 - ^1,4)^+1 



(i,fe,-i) 

+ 1,(1,2,4) 



fc+l,(2,3,4) 



,(i,fc,i,i,fc + i) j=l 



'^^(GiX^) lik+1) {2j}. 



Then, the matrix factorization (|142[) is isomorphic to 
(146) 



*V,2,3;4,5) MA I „(fe,l,-l) iB,3- I M%,(1,2,4) 
fc+l,(2,3,4) 



{-2/c-l} 



i? 



(1,2,3,4,5) 



0-^[l,fe,l;l,fe+l] 
<-'(l,2,3;4,5) 



IG;*^}) ijb+i) {-2fc-i + 2j}. 



For decompositions (] 143f) . (| 144[) . (|145[) and (jT46j) , the morphisms r_,i, t_,2, r_,3 and r_,4 of the complex (|138[) 
transform into 



T-,1 



r_,2 



T-,3 



T-,4 



Ofe_l Id^[l,/c,l;l, fc + l] Kl }}, 1) 



V £fc-i(Id) 

/ Ofc_i 



Oft_i 



— Id-=[l,fc,l;l,fc+:L] M (X, 
6 (1,2,3;4,5) K 

£*-i(H) *o fe _i 



(fc,-l) y (fe,-l)s 
(2,4) ' A k,(2,4) J 



\ o fc _i Id 
' Id^[i,fe,i;i,fc+i] IE (a;i, 3 - 2:1,4, 1) o fe _i ^ 



J (l,2,3;4,5) 

-Id 5 [i, fc ,i i i,k+i] E (1, xf:' 1 )) Oft_i 



V 



J (l,2,3;4,5) 
t 



Ofc-l 



^fc-i(Id) J 



Ok Id-=[l,fc,l;l,fe+l] (Xlj'i '(n q 4\j 1) 

°(l,2,3l4,B) »Ti,^,o,*j 

S fc (Id) 'Oft 



Then, the complex (fLMj) is isomorphic, in /C & (HMF 9r ( 



to 



fc + 1 



M s {-(k + l)n + 1} — ■ »- M 7 {-(fc + l)n}. 



Thus, we obtain 







life J 


\L fc+i / 




vfi^fe+il ) 



a 



7.4. Proof of Proposition [67TJ 
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object of /C b (HMF^ r (fc+1 a fc) ), oj 7 = F k+1 (%\ k + l) ) - fi(xgj) - F fc (xg} 

"(1,2,3) 




Proof of Proposition [67T1 (1). The complex of matrix factorization for the diagram y^"^~^ is the following 
object 

(147) 



-k -k + 1 



( ® \ 

k+i 




1 r ~^,k 



( ® \ 



= C 



Jn 




1, 1 



ri.fc] 



{kn} (k) 



( ® \ 
Afc+l 



Jn 



V 



{kn - 1} (k) 



Jn 



Id_ [fcil] B(ldjrEI(l,si,B-a:i,2)) 

A^s) H m[m, 3 ,2){M (k) — ^ lg;J 5) IEI ^3,2) {fen - 1} (fc) . 



We have 



T [/c,l] — [l,k] 
A (l;4,5) ^ M (5,4,3,2) 



(148) 



= K 



// A [fc,i] 

' ' il l,(l i 4,5) 



V V A [M1 / 



' ' ^1,(5,4,3,2) 



/ a;i i — A" 



(M) 

1,(4,5) 



V ^+1.1 - A fe+l'(4,5) / / 



(fc,l) 



\ 



A 



[i,fe] 



1 A l,(4,5) 



fc,(5,4,3,2) 
\ \ y fc+l, (5,4,3,2) / 

ri.fe] 



(i,fe) 

1,(2,3) 



(1,4,5) 



(fc,l) 



X 



(l,fc) 



fc,(4,5) ^fc,(2,3) 



{-k} 



( ( A £(l;2,3) \ / ^1.1 



[1 k] 

W A fc+l,(l;2,3) / V x k+l,l 



X 



X 



(l,fc) 
1,(2,3) 

(l,fc) 

fc+l,(2,3) 



x 



<i,fc,-i) 



A 



[i,fc] 
(i;2,3) 



R 



(fc+i,i,fc,i) 

(1,2,3,5) 



X 



(l,fc,-l) 

fe+l,(2,3,5) 



R 



(fe+i,i,fe,i) 

(1,2,3,5) 



X 



(l,fc,-l) 
fe+1, (2,3,5) 



{-k}, 
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x [fc,l] — [l,fc] 
A (l;4,5) ^ N (5,4,3,2) 



/ J1 1,(1;4,5) 



K 



i y A IM] . 

\ \ ;V fc+l,(l;4,5) / 



(4,5) 



\ X k+M _ A fc+1,(4,5) 



3/v 



.4 



W 4+1,(5,4,3,2) (^LS -«1,2) 7 



1 1, (5,4,3,2) 
[l,fc] 

fc,(5,4,3,2) 



' 1,(4,5) ^ 1,(2,3) * * 



X 



(fe,l) 

fc,(4,5) 



/ / A U(1;2,3) \ / ~ X U2,3) \ \ 



X 

(-l.fcj 



(l,fc) 

fc,(2,3) 



{-fc + 1} 



fc,(2,4) 



A' 



\\ is -fc+l,(l;2,3) / \ A k+1,(2,3) // R (fc+i,i,fc,i) // x -(fc,-l)\ 

-"-(1,2,3,5) / \ fc,(3,5) / 



(l,fe) 



(149) 



A (l;2,3) ^ \ K (l,2,3,5) 



We consider isomorphisms as an U^l^ '^-module 



y(* -i)\ 

fc,(3,5) / 



i? 



(fc+l,l,fc,l) 
(1,2,3,5) 



J? 



(fe+l,l,fe,l) 



(l,fe,-l) 
(2, 3, 5) 

y (fe,-l)\ 
fe,(3,5) / 



n (k+l,l,k) „(fc+l,l,fc) 
-"•(1,2,3) W X1 ' 5 - rl (l,2,3) 



R (fc+l,l,fc) RV 
-"■(1,2,3) ^ Xl .5- fl (i,2,3) 



? (fc+l,l,fc) 



(1,2,3,5) 

The matrix factorization (|148[) is decomposed into 

fc 



n(fc+l,l,fc,l) 
(1,2,3,5) 



fc-1 p(fc+l,l,fe) 
X l,5 -"(1,2,3) 

fe-1 
X l,5 -"(1,2,3) 



®A[ 1 1 g 3) {-fc + 2i}. 



The matrix factorization (|149p is decomposed into 



fc-i 



0A[ 1 1 f 2 ! 3) {-fc+l + 2. ? }. 
These decompositions change the morphism Id-H*,,i] M (Id^Kl 5 — £1,2)) into 



/(xi%S)){-k + i } . 



r (fc,-i) R (fe+i,i,fc) 

^fc, (3,5) ""(1,2,3) ' 



Thus, the complex (|147|) is homotopic to 




{fcra + fc} (fc) 



-fc + 1 




V 



{kn + k} (fc) [-fc]. 



/ 



It is obvious that we have the other isomorphism of Proposition [671] (1) by the symmetry. 



□ 
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Afe+1 

Proof of Proposition [67T1 (2). The complex of matrix factorization for the diagram i^-""'-^. is the following 
object of /C b (HMF 9 % +liI , fe) ) 

H (l,2,3) 

(150) 

k-1 k 



( ® \ 
Afc+l 

If 



V 



= c 



J 



( ® \ 

Afc+l 



{-fcn+ 1} (fc) 



IcL[fc,l] 13x^^4,3,2) 



( ® \ 

k+l 



/„ 




I, 1 ^ 



{-kn} (k) 



= S[*;i ] iB) MEi^l-h+l} (fc) — AjSls) ®M[ 5 k l 3 , 2) {-kn} (k) . 



By the discussion of Proof of Proposition 16. II (1), we have 



A (l;4,5) ^ JV (5,4,3,2) — A (l;2,3) 



R 



(fc+i,i,fc,i) 

(1,2,3,5) 



y(k ,-l)\ 
k>(3,5) / 



A (l;4,5) ^ M (5,4,3,2) - A (l;2,3) ^ ( -"(1,2,3,5) 



(l,fe,-l) 
k+l, (2,3,5) 



1? 



(fe+l,l,fe,l) //-y(k-l)\ 



(1,2,3,5) 



fc,(3,5) / 



{-k + l}, 



R 



(fe+i,i,fc,i) //■ r (i,k,-i) 



(1,2,3,5) 



fe+l,(2,3,5) 



We consider isomorphisms as an 



R (fe+i,i,fc,i) // Y {k,-i) 

-"•(1,2,3,5) / \^k,(3,5) 

R (fc+l,l,fc,l) / / Y (l,k,-1) 
-"■(1,2,3,5) / \ k+l, (2,3,5) 



p (fc+l,l,fc) R (fc+l,l,fc) 
-"■(1,2,3) * x l|5«(i i2i 3) t 

p(fc + l,l,fc) / N R (fc+l,l,fc) 

-"(1,2,3) ® F 1 ^ _ ^l^j^i^^) 



w x l,5 -""(1,2,3) ' 



®x\f{x x , 5 -x 1 , 2 )Rf 1 %]£ j ' k) 



Then, A/*!^ B % IE Jvij'*'^ is decomposed into 



-r[fe,ll „ -rr[l-k] . . . . 

A( 1;4]5 ) &4 iV( 5i4i 3 ;2 ) is decomposed into 



fe-i 



©A[ 1 1 ^ ) {-fe+l + 2j}. 



j=o 



0A!i;5 3 ){-fc + 2j}. 



These decompositions change the morphism Id-H*,,!] ESI (Id^KI (#1,5 — 0:1,2, 1)) into 



Ok 

E k {ld) 
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k-1 k 
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/ ® \ 

Jfe+1 




1 fc 



{-fcn-fc}(fc} 



/ ® \ 

A-+1 




{-kn- k} (k) [k] 



V © ® J n 

It is obvious that we have the other isomorphism of Proposition 16. II (2) by the symmetry. 



□ 



Proof of Proposition RTTl (3). The complex of matrix factorization for the diagram \k+\ is the following 
object of ^(HMF^ +1 , li4) ) 

(151) 

-k -fc + 1 



"•(1,2,3) 




= c 



V ® /„ 




'fe+i 



{/cn} (fc) 



X+;*2,3,4,B) l2al< V[ fc,1 l 



(4,5;1) 




fe+1 



{kn- 1} (fc) 



V ® /„ 



(ld 3 SI(l ) si,a-a:i,B))BIItL [1 i e ,i] 
M (2,3,4,5) E ^ (4 ,5;l){ fcn } W ^(2,3,4,5) K ^(4,5;1){^ ~ !} W 



We have 



M (2,3,4,5) m V (4,5;1) 



K 



( ( A [1M 

1 1 ^1,(2,3,4,5) 



fc, (2.3.4,5) 
[1.*] 

\ \ W fc+1,(2,3,4,5) / 



' 1,(2,3) 



5;1) 



\ \ |/ fc+l(4,5;l) 



/ T,(2,3;l) \ 



K 



VV ^fc+l(2,3;l) / V -^fc+U(2,3) x k+l,l J J (fc +i,i,fc,i) // „(i,k,-i) \ 

(1,2,3,5) / \ fc+1, (2,3,5) / 



X 



X 



(l,fc) 



X 



(M) \ \ 

1,(4,5) * » 
(fe,l) 



fc,(2,3) fc.(4,5) 

\ „(fc.-l) 

y (^1,2 - a;i, 5 )^ i(3)5 ) J J Ri i, k , k 



{-k} 



y(M) 

A l,(4,5) ~ X l,l 



V ^fe+l!(4,5) x fe+l>l / / fl (fc + i,fc,i) 



{-k} 



y (l,fc) _ _ 
^1,(2,3) ^i. 1 



.(l,fc) 



{-2fc} 



(152) 



V 



[i,fc] 

(2,3;1) 



(fc+l,l,fc,l) 
(1,2,3,5) 



X 



(l,fc,-l) 
fc+1, (2, 3, 5) 



i? 



(fc+l,l,fc,l) / / x (l,k,-l) 



(1,2,3,5) 



fc+1, (2, 3, 5) 
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iV (2,3,4,5) 



' V (4,5;1) 



K 



A 
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l,fe] \ / X (l,k) _ X (k,-L) \\ 



1,(2,3,4,5) 



.4 



W ^1,(2,3,4.6) ^M-^S) / 



[l,fc] 

fc,(2,3,4,5) 



/ / K l,(4,5;l) 



L l,(2,3) 



%(4,5) 



y(l,fc) _ v (fc,l) 

A Jfe,(2,3) fe,(4,5) 
^fc,(3.5) 



{-fc + 1} 



? (l,fc,fc,l) 



3A" 



1 / A l,(4,5) 



\ \ 1/ fe+l(4,5;l) 



a?i,i 



X 



(fc,i) 

fc+l,(4,5) 



•-(1,4,5) 



K 



(2,3;1) 



VV ^fe+'l(2,3;l) / V ^k+l,(2,3) ^fe+ljl / J R (k + i,i,k,i) // (k,-i)\ 

-"•(1,2,3,5) / \^k,(3,5) I 



\ / 1,(2,3) 



r(l,fe) 



£i,i 



{-2fc+ 1} 



(153) 



^(2,3;!) ^ \ K (l,2,3,5) 



Y ( fe -1)\ 
fc.(3,5) / 



R 



(fe+i,i,fe,i) 

(1,2,3,5) 



We consider isomorphisms as an R^ 1 ^ 1 ^'^ -module 



R 



(fc+i,i,fc,i) 

(1,2,3,5) 



X 



R 



(fc+i,i,fc,i) 



(i,fc,-i) 

fc+l,(2,3,5) 

F (fe,-1)\ 
fc,(3,5) / 



ff (fc+l,l,fc) (fc+l,l,fc) 
-"■(1,2,3) W X1 ' 5 - rl (l,2,3) 



R (fc+l,l,fc) RV 
""-(1,2,3) W • Ll ,5- rt (l,2,3) 



? (fc+l,l,fc) 



(1,2,3,5) 

The matrix factorization (|152[) is decomposed into 

k 



k-i p (fc+i,i,fc) 

X l,5 -"-(1,2,3) 

fe-1 
X l,5 -"(1,2,3) 



0< 2 ',3;l){-fc + 2j}. 



The matrix factorization (|153p is decomposed into 



X 



(fc-i)\ 

fe,(3,5) 



R (fe+i,i,fc) 

^fc, (3,5) ""(1,2,3) ' 



fe-1 



©^ai!i){-fc + l + 2j}. 
These decompositions change the morphism (Idg-Kl (1, — £1.5)) Idwk.i] into 



E k (ld vll , k] ) *o fe 



Thus, the complex (|151[) is homotopic to 




V _7fc 
'fc+i 

V ® J 



{kn + k} (k) 



( © 



\ 



IV Jk 

'k+1 

V ® J 




{kn + k}(k) [-k] 



-k + 1 



It is obvious that we have the other isomorphism of Proposition [671] (3) by the symmetry. 



QUANTUM (sl n , AV„) LINK INVARIANT AND MATRIX FACTORIZATIONS 119 

Proof of Proposition [67T1 (4). The complex of matrix factorization for the diagram \k+i is the following 
object of K'(HMF^ (H1 , U) ) 

-"(1,2,3) 

(154) 

k-1 k 



( ® ®\ 
"fc+1 

v ® J 



= c 




fc+1 

V ® J n 



{-fcn + 1} (k) C 



I ® ®\ 

v ® /„ 



{-kn} (k) 



N^l^MV^i-kn+ljik) 



(idgKl^l.J-Sl.S.l))^ V [fc,l] 

*" M (2,3,4,5) ^ ^(4,5;l){- fc «} W ■ 



By the discussion of Proof of Proposition 16. II (3), we have 



N 



[i,fe] 

(2,3,4,5) 



V 



[fc,l] 

(4,5;1) 



[l,fe] 

(2,3;1) 



R 



(fc+i,i,fc,i) 

(1,2,3,5) 



X 



(fc,-l) 

fc,(3,5) 



M 



(2,3,4,5) 



1 V (4,5;1) — K (2,3;1) 



i? 



(fc+l,l,fc,l) 
(1,2,3,5) 



(l,fe,-l) 
fc+1, (2,3,5) 



We consider isomorphisms as an Kj^t, 1 ^' k -module 



-(1,2,3) 



7? 



(fc+i,i,fc,i) 

(1,2,3,5) 



R 



(fc+i,i,fc,i) 

(1,2,3,5) 



X 



fe,(3,5) / 

(l,fc,-l) 
fc+1, (2,3,5) 



i? 



i? 



(fc+l,l,fc) 
(1,2,3) 

(fc+1, 1, A;) 



? (fc+l,l,fc) 



X h 5-^(1, 2, 3) 



1? 



(fc+l,l,fc,l) 
(1,2,3,5) 



(fc-1) 

fc,(3,5) 



{-fc+1}, 



i? 



(fc+l,l,fc,l) 
(1,2,3,5) 



(i,fc,-i) 

fc+1, (2, 3, 5) 



X l,5 -""(1,2,3) ' 



(1,2,3) © (^1,2 - Zl,5j-n-(i i2 , 



(fc+l,l,fc) 



3) 



3) 



These isomorphisms change the morphism (Id^Kl (#1,2 ~ 2:1,5, 1)) ^ Id? 



,[*,,!] 



into 



Thus, the complex ()154|) is homotopic to 

fc - 1 



C 




Ofc 

^fc(Id) 




{-kn- k} (k) [k] 



{-kn-k}(k) 



IV. Jk 
ffc+1 

V ® /„ 

It is obvious that we have another isomorphism of Proposition l6.ll (4) by the symmetry. 



□ 
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Appendix A. Virtual link case 

The virtual link theory is given by Kauffman [6] . For a given link diagram, it is represented in Gauss word (see 
definition [6j) and the Gauss word recovers the given link diagram by an operation. However, there is a Gauss 
word which has no link diagram obtained by the operation. Kauffman introduced a virtual crossing, then defined 
a new topological class called a virtual link diagram. An object of this class has invariance under isotopy and 
local moves called the virtual Reidemeister moves. Roughly speaking, they consist of the Reidemeister moves 
for crossings and virtual crossings. Moreover, we can naturally generalize the virtual link diagram into the 
colored a virtual link diagram. 




Figure 26. [z, j]-colored virtual crossing 
We consider the following virtual [i, j]-colored crossing assigned formal indexes. 




We define a matrix factorization for a virtual [i, j]-colored crossing to be 




Theorem A.l. By this definition of a matrix factorization for colored virtual crossing, we obtain isomorphisms 
in K. b (HMF^T ) corresponding to the colored virtual Reidemeister moves. 

Proof. We naturally obtain this claim by the structure of matrix factorizations. □ 
Khovanov homology for a virtual link is introduced by V. O. Manturov|13j. 



Problem A. 2. How does a relationship between virtual Khovanov homology and virtual Khovanov-Rozansky 
homology in the case n = 2 exist? 
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Appendix B. Normalized MOY bracket 

Hitoshi Murakami, Tomotada Ohtsuki and Shuji Yamada gave a polynomial-valued regular link invariant 
with a bracket form associated with U q (sl n ) and i anti-symmetric tensor product of the vector representation 
, called the MOY bracket. It is defined on the set of a colored oriented link diagrams whose component has 
a coloring from 1 to n — 1 [14] . Slightly speaking, this regular link invariant is associated with the quantum 
group U q (sl n ) and its fundamental representations A 1 V n (i = l,...,n — 1), where V n is the n dimensional 
vector representation of U q (sl n ). It is well-known that we obtain a link invariant by normalizing a regular link 
invariant. 

The normalized MOY bracket (-) n is defined as follows. It locally expands i-crossings with coloring from 1 
to 7i- 1 into a linear combination of planar diagrams with coloring from 1 to n as follows, 



(155) 



(156) 



(157) 






y^^_iyk+j-i q k+in-i 2 + (i-j) 2 +2(i-j) 



fe=0 



^ (_ 1) - k+i- 3 q k+jn-j 2 +(j-if +2(J -i) 



k=0 



(_ 1) k+j-i g-k-jn+f - {j-if -2(j-i) 



k=0 



d 


31 


< 


-k 


j — k 


i+k 


k 




3 


i 



-i+3+k , 



i+k 



i — k 



-i+j+k . 



j+k 



i — k 



for i > j, 



for i < j, 



for i < j, 



(158) 




(_ j) fc-H- J q -k-in+i 2 -{%- j) 2 -2{i-j) 



k=0 



i—j+k 



j—k i+k 



for i > j, 



where the edge colored vanishes and the bracket (•) assigns to a ffiagram having an edge with the coloring 
number which is greater than n. 



Remark B.l. (1) These expansions do not change the outside diagram of the local crossing. 

(2) We consider that the trivial representation of U q (sl n ) is running on the edge with n-coloring as the 
quantum link invariant. 

(3) For example, in the case j > n — i, the diagram of the (n — i)-term in Equation \155\ has the edge with 
coloring i + j . Then, this term equals 0, because i + j is greater than n. 

(4) A colored planar diagram is built on some trivalent diagrams combinatorially glued by the above 
expansion. 



(«3 = h + h < n) 
Figure 27. i-colored line & (ii,i2, ^-colored trivalent diagrams 

(5) The HOMFLY-PT polynomial is the same with MOY bracket in the case i = j = 1. 

The following relations is the same as ones defined by Murakami, Ohtsuki and Yamada in [14] . 
For a colored planar diagram D which consists of the disjoint union of colored planar diagrams D\ and D2, 
the bracket (D) is defined by the product of (Di) n and (D2) n , 

(159) (D) n = (D 1 ) n (D 2 ) n . 

^The regular link invariant is invariant under the Reidemeister moves II and III. It is well-known that we obtain the link invariant 
from a regular link invariant by taking multiplication of a suitable power of q. 
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A closed loop with coloring i (1 < i < n) evaluates 
(160) (O 



where [n] q 



l],...[2] g [l], and 



(i = l,...,n), 



iq ~ q-q- 1 ' L J 9' ~ I'^iqi 

Normalized MOY bracket has the following relations between values of the bracket for some planar diagrams: 






Some more relations exist between the values of the bracket for other colored planar diagrams. But we leave 
out the relations because we will not discuss them in following section. See [14] about other relations. 

Theorem B.2. The bracket (•) is invariant under the Reidemeister moves I , II and III . 

Proof. The proof of invariancc under the Reidemeister moves iT and III is the same with the proof in [14] . 
Therefore, it suffices to show invariance under the Reidemeister move I. When i-crossings have the colorings i 
and j such that i = j, ±-curls appear. We consider +-curl. 
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First, we consider the case i < n — i. By the equations (|155p . (| 164|) and (|163p . we have 

A 




k-\-in—i 



k=0 



i — k i-\-k 



Y^{-l)~ h q k+in ~ e 

k=0 

E(-i)-v- 



n — k 
i 



i — k k 



k=0 



i 2 


n — k 




i 






i 




k_ 















We have the following lemma. 
Lemma B.3. 



:=E(-l)- fe 9 



k-\-in— i 



k=0 



i 2 


n — k 




i 




i 




A 



Proof of Lemma IB. 31 We prove the lemma by induction to i. If i = 1, then we have 

^n,i=<7 N?-9 ["-1J 9 = 3 (<? +... + q )-q [q +... + q ) 



We show that A n j = A n -\^\. Let be the fc-th term of A 



A ik ) = ) (-i)-V 

n,i 





n — k 




i 


i 2 










i 




k 






q 





and we set 



Then, we have 



T k = 



-i 2 +m+i 


— 1 — A: 




'i - 1" 


i 










q 














fc=0 








E -2i-x 


+ 






fe=0 








4-1 










-1 


= A n - 




k=a 







if 0<k<i 
otherwise, 

if 0<k<i-l 
otherwise. 



Hence, we obtain A n j = A n _ 1+ u = 1 by induction of i. 

Next, we consider the case of i > n — i. By Remark lB.ll (2). we have 
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n — 
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□ 
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By Lemma |B. 31 we have A n _ n -i = Ai + \ y \ = 1. Hence, we have 




We similarly have that 




QUANTUM (»[„, AV„) LINK INVARIANT AND MATRIX FACTORIZATIONS 



125 



References 

[1] H. Awata, H. Kanno, Changing the preferred direction of the refined topological vertex, arXiv:0903.5383 

[2] D. Bar-Natan, Khovanov's homology for tangles and cobordisms, Geom. Topol.9 (2005), 1443-1499 . 

[3] D. Eisenbud, Homological algebra on a complete intersection, with an application to group representations, Trans. A. 

M. S., 260 (1980), 35-64. 
[4] D. Gcpner, Fusion rings and geometry, Comm. Math. Phys. 141 (1991), no. 2, 381-411. 

[5] S. I. Gelfand, Yu. I. Manin, Methods of homological algebra, Springer Monographs in Mathematics. Springer- Verlag, 

Berlin, 2003. xx+372 pp. 
[6] L. H. Kauffman. Virtual knot theory. European J. Combin, 20(7):663-690, 1999. 

[7] M. Khovanov, A categorification of the Jones polynomial, Duke Math. J. 101 (2000), no. 3, 359-426. 
[8] M. Khovanov, L. Rozansky, Matrix factorizations and link homology, Fund. Math. 199 (2008), no. 1, 1-91. 
[9] M. Khovanov, L. Rozansky, Matrix factorizations and link homology. II, Geom. Topol. 12 (2008), no. 3, 1387-1425. 
[10] M. Khovanov, L. Rozansky, Virtual crossing, convolutions and a categorification of the SO(2N) Kauffman polynomial, 

J. Gokova Geom. Topol. GGT 1 (2007) 116-214. 
[11] I. G. Macdonald, Symmetric functions and Hall polynomials, Second edition With contributions by A. Zelevinsky, 

Oxford Mathematical Monographs, Oxford University Press, 1995. x+475 pp. 
[12] M. Mackaay, M. Stosic, P. Vaz, The 1,2-colourcd HOMFLY-PT link homology. larXiv:0809.0"l93l 

[13] V. O. Manturov, Khovanov homology for virtual knots with arbitrary coefficients, J. Knot Theory Ramifications 16 
(2007), no. 3, 345-377. 

[14] H. Murakami, T. Ohtsuki, S. Yamada, Homfiy polynomial via an invariant of colored plane graphs, Enscign. Math. (2) 

44 (1998), no. 3-4, 325-360. 
[15] J. Rasmussen, Some differentials on Khovanov-Rozansky homology, arXiv:math.GT/0607544 

[16] L. Rozansky, Private communication with L. Rozansky about a construction of complex for [1, 2]-crossing by using 
matrix factorization at workshop "Link homology and categorification", Kyoto Univ, May, 2007. 

[17] N. Reshetikhin, V. Turaev, Ribbon graphs and their invariants derived from the quantum groups, Comm. Math. Phys. 
127 (1990), no. 1, 1-26. 

[18] H. Wu, Matrix factorizations and colored MOY graphs. rarXiv:0803. 2 071 1 

[19] Y. Yonezawa, Matrix factorizations and double line in sin quantum link invariant, arXiv:math.GT/0703779 

[20] Y. Yoshino, Cohen-Macaulay modules over Cohen-Macaulay rings, London Mathematical Society Lecture Note Series 

146. Cambridge University Press, Cambridge, 1990. viii+177 pp. 
[21] Y. Yoshino, Tensor products of matrix factorizations, Nagoya. Math. J. Vol. 152 (1998), 39-56. 

Graduate School of Mathematics, Nagoya University, 464-8602 Furocho, Chikusaku, Nagoya, Japan 
E-mail address: yasuyoshi . yonezawa@math.nagoya-u . ac . jp 



